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Abstract
Applying the equations of motion together with corresponding boundary conditions of bulk
profiles at infrared and ultraviolet branes, we verify some lemmas on the eigenvalues of Kaluze-Klein
modes in framework of warped extra dimension with the custodial symmetry SU(3)c × SU(2)L ×
SU(2)R × U(1)X × PLR. Using the lemmas and performing properly analytic extensions of bulk
profiles, we present the sufficient condition for a convergent series of Kaluze-Klein excitations and
sum over the series through the residue theorem. The method can also be applied to sum over
the infinite series of Kaluze-Klein excitations in unified extra dimension. Additional, we analyze
the possible connection between the propagators in five dimensional full theory and the product of
bulk profiles with corresponding propagators of exciting Kaluze-Klein modes in four dimensional
effective theory, and recover some relations presented in literature for warped and unified extra
dimensions respectively. As an example, we demonstrate that the corrections from neutral Higgs to
the Wilson coefficients of relevant operators for B → Xsγ contain the suppression factor m3bms/m4w
comparing with that from other sectors, thus can be neglected safely.
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I. INTRODUCTION
Extensions of the standard model (SM) with a warped dimension[1–4], where all SM
fields are propagating in the bulk, provide a naturally geometrical solution to the hierarchy
problem regarding the huge difference between the Planck scale and the electroweak one.
The small mixing between zero modes and heavy Kaluza-Klein (KK) excitations can induce
the observed fermion masses and corresponding weak mixing angles[5, 6], and suppress flavor
changing neutral current (FCNC) couplings[7, 8]. Additional, realistic models of electroweak
symmetry breaking in warped extra dimension are constructed in literature[9–14], and the
gauge coupling unification with a warped extra dimension is also analyzed in Ref.[15, 16].
If the SM gauge group SU(2)L×U(1)Y is chosen in the bulk for extensions of the SM with a
warped extra dimension, the electroweak precision observables, for example the experimental
data on the S, T parameters and the well-measured Zb¯LbL coupling[17–20], generally require
that the exciting KK modes are heavier than 10 TeV and exceed the reach of colliders
running now. In order to accomodate light exciting KK modes with O(1TeV) masses in
warped extra dimension, literature[21, 22] enlarges the gauge group in the bulk to SU(3)c×
SU(2)L × SU(2)R × U(1)X × PLR. With an appropriate choice of quark bulk masses, one
indeed obtains the agreement with the electroweak precision data in the presence of light
KK excitations[23, 24]. Actually, the electroweak precision observables are consistent with
the light fermion KK modes with masses even below 1Tev while the masses of the KK gauge
bosons are forced to be at least (2− 3)TeV to be consistent with the data on the parameter
S.
However, the large FCNC transitions are aroused by light exciting KK modes if we
assume that the hierarchy of fermion masses together with corresponding weak mixings
solely originate from geometry and the fundamental Yukawa couplings in five dimension
are anarchic[25–30]. To suppress the large FCNC processes mediated by light exciting KK
modes, literature[31] introduces the bulk and brane flavor symmetries where the naturally
geometric explanation of fermion hierarchies is abandoned. The author of Ref.[32] proposes
the minimal flavor protection where a global U(3) bulk flavor symmetry is imposed on the
triplet reprsentations of the local gauge symmetry SU(2)L × SU(2)R in the quark sector.
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In a similar way, literature[33] chooses the global flavor symmetry U(3)L×U(3)R on lepton
sector to control relevant FCNC transitions. Another approach to suppress FCNC processes
in warped extra dimension introduces two horizontal U(1) symmetries which guarantee bulk
masses in alignment with Yukawa couplings for charge −1/3 quarks and charge −1 leptons
respectively[34]. An analogous strategy to solve the FCNC problems in warped geometry
is based on A4 flavor symmetry[35, 36]. A very different approach has been presented in
Ref.[37, 38] where the bulk mass matrices are expressed in terms of five dimensional Yukawa
couplings, thus flavor violation at low energy can be suppressed rationally. Comparing with
the choices mentioned above, the warped extra dimension with a soft-wall[39–44] perhaps
provides a natural solution to accomodate FCNC transitions at acceptable level and the
lightest KK excitations with O(1TeV) masses simultaneously[45].
In a warped extra dimension with the custodial symmetry SU(3)c×SU(2)L×SU(2)R×
U(1)X × PLR, a meticulous analysis on the electroweak and flavor structure is provided
in Ref.[46], a complete study of rare K and B meson decays is presented in Ref.[47], the
impact from KK excitations of fermions on the couplings among the SM particles is given
in Ref.[48]. Assuming all fields are propagating in the bulk, the authors of literature[55]
analyze the FCNC processes mediated by a light Higgs, the authors of literature[50] present
an analysis on production and decay of KK gravitons at the LHC, and the authors of
literature[51] study signals for KK excitations of electroweak and strong gauge bosons in
the LHC. Additional, an analysis of loop-induced rare lepton FCNC transition µ → eγ in
a warped extra dimension with anarchic Yukawa couplings and IR brane localized Higgs is
presented in literature[52] through the five dimensional mixed position/momentum space
formalism[53] and mass insertion approach.
It is well known that all virtual KK excitations contribute their corrections to theoretical
predictions on the physical quantities at electroweak scale, and those theoretical corrections
should be summed over infinite KK modes in principle[54, 55]. In this work, we verify some
lemmas on the eigenvalues of exciting KK modes in extension of the SM with a warped extra
dimension and the custodial symmetry SU(3)c × SU(2)L × SU(2)R × U(1)X × PLR[8, 56].
Performing properly analytic extensions of the bulk profiles, we sum over the infinite series of
KK modes through the residue theorem. Additional, we also present the sufficient condition
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for a convergent series of infinite KK modes in extensions of the SM with a warped extra
dimension. The method can also be applied to sum over the infinite series of KK modes
in unified extra dimension. The emphasized point here is that the authors of literature[54]
also propose to sum over infinite series of KK modes applying the equations of motion and
corresponding completeness relations of bulk profiles. Nevertheless, the method proposed
there can only be applied to sum over the infinite series of KK modes for the five dimensional
fields with zero bulk mass and zero modes in extensions of the SM with a warped extra
dimension.
Our presentation is organized as follows. In section II, the main ingredients of a warped
extra dimension with custodial symmetry are summarized briefly, the KK decompositions
of all five dimensional fields and relevant bulk profiles are given here also. In section III,
we present the verification of relevant lemmas on the eigenvalues of exciting KK modes in
detail. In order to sum over the infinite series of KK modes properly, we also discuss how to
extend bulk profiles analytically. We discuss the possible relation between the perturbative
expansions in four dimensional effective theory and five dimensional full theory in section
IV. Furthermore, we also recover the equations presented in Ref.[18] through the residue
theorem. In section V, we show how to sum over the infinite series of KK modes in uni-
fied extra dimension using residue theorem through recover an important relation applied
extensively in literature. As an example, we demonstrate in section VI that the corrections
from neutral Higgs to the Wilson coefficients of relevant operators for B → Xsγ contain
the suppression factor m3bms/m
4
w
in comparison with that from other sectors, thus can be
neglected safely. Our conclusions are summarized in Section VII.
II. A WARPED EXTRA DIMENSION WITH CUSTODIAL SYMMETRY
In the Randall-Sundrum (RS) scenario, four dimensional Minkowskian space-time is
embedded into a slice of five dimensional anti de-Sitter (ADS5) space with curvature k. The
fifth dimension is a S1/Z2 × Z ′2 orbifold of size r labeled by a coordinate φ ∈ [−π, π], thus
the points (xµ, φ), (xµ, π−φ), (xµ, π+φ) and (xµ,−φ) are identified all. The corresponding
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metric of non-factorizable RS geometry is written as
ds2 = e−2σ(φ)ηµνdxµdxν − r2dφ2, σ(φ) = kr|φ|, (1)
where xµ (µ = 0, 1, 2, 3) are the coordinates on the four dimensional hyper-surfaces of
constant φ with metric ηµν = (1,−1,−1,−1), and eσ is called the warp factor. Two branes
are located on the orbifold fixed points φ = 0 and φ = π/2, respectively. The brane on
φ = 0 is called Planck or ultra-violet (UV) brane, and the brane on φ = π/2 is called TeV
or infra-red (IR) brane. Assuming the parameters k and 1/r to be of order the fundamental
Planck scale MPI and choosing the product kr ≃ 24, one gets the inverse warp factor
ǫ =
ΛIR
ΛUV
≡ e−krπ/2 ≃ 10−16, (2)
which explains the hierarchy between the electroweak and Planck scale naturally. Meanwhile,
the mass scale of low-lying KK excitations is set as
Λ
KK
≡ kǫ = ke−krπ/2 = O(1TeV). (3)
In the gauge symmetry SU(2)L×SU(2)R×U(1)X ×PLR, the discrete symmetry PLR inter-
changing the local groups SU(2)L and SU(2)R implies that the five dimensional gauge cou-
plings satisfy the relation g5L = g5R = g5. The local gauge group SU(2)L×SU(2)R×U(1)X
is broken to the SM gauge group by the boundary conditions (BCs) on the UV brane:
W 1,2,3L,µ (++), Bµ(++), W
1,2
R,µ(−+), ZX,µ(−+), (µ = 0, 1, 2, 3),
W 1,2,3L,5 (−−), B5(−−), W 1,2R,5(+−), ZX,5(+−). (4)
Here, the first (second) sign is the BC on the UV (IR) brane: + denotes a Neumann BC and
− denotes a Dirichlet BC. The zero modes of fields with (++)BCs are massless before the
electroweak symmetry is spontaneously broken, and are identified as the SM gauge bosons.
The fields with other BCs only contain massive KK modes. The third component of SU(2)R
gauge fieldsW 3R,M and the U(1)X gauge field B˜M are expressed in terms of the neutral gauge
fields ZX,M and BM as
W 3R,M =
g5ZX,M + g5XBM√
g25 + g
2
5X
, B˜M = −g5XZX,M − g5BM√
g25 + g
2
5X
, (M = 0, 1, 2, 3, 5), (5)
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where g5X is the five dimensional gauge coupling of U(1)X . The Lagrangian for gauge sector
is written as
Lgauge =
√G
r
GKMGLN
(
− 1
4
W iKLW
i
MN −
1
4
W˜ iKLW˜
i
MN −
1
4
B˜KLB˜MN − 1
4
GaKLG
a
MN
)
.(6)
For convenience in our discussion further, we define the following five dimensional
fields[51]
AA =
√
g25 + g
2
5XBA + g5XW
3
L,A√
g25 + 2g
2
5X
,
ZA =
−g5XBA +
√
g25 + g
2
5XW
3
L,A√
g25 + 2g
2
5X
,
W±L,A =
1√
2
(
W 1L,A ∓ iW 2L,A
)
,
W±R,A =
1√
2
(
W 1R,A ∓ iW 2R,A
)
. (7)
As regards the matter fields, the quarks of one generation are embedded into the
multiplets[57]:
QiL =

 χ
i
uL
(−+)5/3 qiuL(++)2/3
χidL(−+)2/3 qidL(++)−1/3

 , QiuR = uiR(++)2/3
Q˜idR =


X iR(−+)5/3
U iR(−+)2/3
DiR(−+)−1/3

 , Q
i
dR
=


X˜ iR(−+)5/3
U˜ iR(−+)2/3
diR(++)−1/3

 , (8)
and the states with opposite chirality are written as
QiR =

 χ
i
uR
(+−)5/3 qiuR(−−)2/3
χidR(+−)2/3 qidR(−−)−1/3

 , QiuL = uiL(−−)2/3
Q˜idL =


X iL(+−)5/3
U iL(+−)2/3
DiL(+−)−1/3

 , Q
i
dL
=


X˜ iL(+−)5/3
U˜ iL(+−)2/3
diL(−−)−1/3

 . (9)
Here, i = 1, 2, 3 denote the indices of generation, the U(1)X charges are all assigned as
YQi = Yui = YQi
d
=
2
3
. (10)
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In order to give the kinetic terms of triplets, we redefine the quarks in triplet as
T˜ iQR =


1√
2
(X iR +D
i
R)
i√
2
(X iR −DiR)
U iR

 , T
i
QR
=


1√
2
(X˜ iR + d
i
R)
i√
2
(X˜ iR − diR)
U˜ iR

 ,
T˜ iQL =


1√
2
(X iL +D
i
L)
i√
2
(X iL −DiL)
U iL

 , T
i
QL
=


1√
2
(X˜ iL + d
i
L)
i√
2
(X˜ iL − diL)
U˜ iL

 . (11)
Correspondingly, the Lagrangian for kinetic terms of quarks can be written as
LQ =
√G
2r
3∑
i=1
{
(Q
i
)a1a2iE
M
A γ
A
[(1
2
(∂M −←−∂ M) + ig5sT aGaM + ig5XYQiB˜M
)
δa1b1δa2b2
+ig5(
σc1
2
)a1b1W
c1
L,Mδa2b2 + ig5(
σc2
2
)a2b2W
c2
R,Mδa1b1
]
(Qi)b1b2
+(Q
i
)a1a2
[
iEMA γ
AωM − sgn(φ)(cB)ij
]
(Qj)a1a2
+ui
[
iEMA γ
A
(1
2
(∂M −←−∂ M) + ig5sT aGaM + ig5XYuiB˜M
)
δij
+iEMA γ
AωM − sgn(φ)(cS)ij
]
uj
+(T˜
i
Q)a1iE
M
A γ
A
[(1
2
(∂M −←−∂ M) + ig5sT aGaM + ig5XYQidB˜M
)
δa1b1
+g5εa1b1c1W
c1
L,M
]
(T˜ iQ)b1 + (T˜
i
Q)a1
[
iEMA γ
AωM − sgn(φ)(η3)ij
]
(T˜ jQ)a1
+(T
i
Q)a1iE
M
A γ
A
[(1
2
(∂M −←−∂ M) + ig5sT aGaM + ig5XYQidB˜M
)
δa1b1
+g5εa1b1c1W
c1
R,M
]
(T iQ)b1 + (T
i
Q)a1
[
iEMA γ
AωM − sgn(φ)(cT )ij
]
(T jQ)a1 + h.c.
}
, (12)
with γA = (γµ, −iγ5), the inverse vielbein EAB = diag(eσ(φ), eσ(φ), eσ(φ), eσ(φ), 1r ), and
the spin connection ωA = (sgn(φ)
i
2
ke−σ(φ)γµγ5, 0). Generally, three bulk mass matrices
c
B
, c
S
, c
T
are arbitrarily hermitian 3× 3 matrices.
To break down the electroweak symmetry, we introduce an IR brane located Higgs which
transforms as a self-dual bidoublet under the gauge group SU(2)L×SU(2)R, and transforms
as a singlet with charge YH = 0 under the gauge group U(1)X :
H =

 −iπ
+/
√
2 −(h0 − iπ0)/2
(h0 + iπ0)/2 iπ−/
√
2

 . (13)
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After normalizing the kinetic term of Higgs in five dimension, we write the corresponding
Lagrangian as
LH = Tr
[(
DµΦ(x)
)†(
DµΦ(x)
)]
− µ2Tr
(
Φ†(x)Φ(x)
)
+
λ
2
[
Tr
(
Φ†(x)Φ(x)
)]2
. (14)
Accordingly, the Yukawa couplings between quarks and Higgs can be formulated as
LQY = ekrπ/2
√
−G
IR
3∑
i,j=1
{√
2λuijQ
i
aαHaαu
j − 2λdij
[
Q
i
aα(τ
c)ab(T˜
j
d )cHbα
+Q
i
aα(τ
c)αβ(T
j
d )cHaβ
]
+ h.c.
}
, (15)
here the metric on the IR brane Gµν
IR
= ekrπ/2ηµν . In the following we choose to work in
the background gauge with ξ = 1[59]. Furthermore, we also assume that three bulk mass
matrices c
B
, c
S
, c
T
are real and diagonal, i.e. each of them is described by three real
parameters. This can always be obtained through some appropriate field redefinitions.
The KK decompositions of five dimensional gauge fields are extensively studied in liter-
ature, and can be written in our notations as
Aµ(x, φ) =
1√
r
∞∑
n=0
A(n)µ (x)χ
A
(++)
(yA(n)
(++)
, φ),
Aφ(x, φ) =
1
Λ
KK
√
r
∞∑
n=1
1
y(n)
A
ϕ(n)
A
(x)∂φχ
A
(++)
(yA(n)
(++)
, φ),
Zµ(x, φ) =
1√
r
∞∑
n=0
Z(n)µ (x)χ
Z
(++)
(yZ(n)
(++)
, φ),
Zφ(x, φ) =
1
Λ
KK
√
r
∞∑
n=1
1
y(n)
Z
ϕ(n)
Z
(x)∂φχ
Z
(++)
(yZ(n)
(++)
, φ),
ZX,µ(x, φ) =
1√
r
∞∑
n=1
Z
(n)
X,µ(x)χ
ZX
(−+)
(yZX(n)
(−+)
, φ),
ZX,φ(x, φ) =
1
Λ
KK
√
r
∞∑
n=1
1
y(n)
ZX
ϕ(n)
ZX
(x)∂φχ
ZX
(−+)
(yZX(n)
(−+)
, φ),
W±L,µ(x, φ) =
1√
r
∞∑
n=0
W
±(n)
L,µ (x)χ
WL
(++)
(yWL(n)
(++)
, φ),
W±L,φ(x, φ) =
1
Λ
KK
√
r
∞∑
n=1
1
y(n)
WL
ϕ±(n)
WL
(x)∂φχ
WL
(++)
(yWL(n)
(++)
, φ),
W±R,µ(x, φ) =
1√
r
∞∑
n=1
W
±(n)
R,µ (x)χ
WR
(−+)
(yWR(n)
(−+)
, φ),
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W±R,φ(x, φ) =
1
Λ
KK
√
r
∞∑
n=1
1
y(n)
WR
ϕ±(n)
WR
(x)∂φχ
WR
(−+)
(yWR(n)
(−+)
, φ),
G±(x, φ) =
∑
n
{
bWLn (φ)ϕ
±,(n)
WL
(x) + bWRn (φ)ϕ
±,(n)
WR
(x)
}
,
G0(x, φ) =
∑
n
{
bZn (φ)ϕ
(n)
Z (x) + b
ZX
n (φ)ϕ
(n)
ZX
(x)
}
,
Gaµ(x, φ) =
1√
r
∞∑
n=0
Ga,(n)µ (x)χ
g
(++)
(yg(n)
(++)
, φ),
Gaφ(x, φ) =
1
Λ
KK
√
r
∞∑
n=1
1
y(n)
g
ϕa,(n)
g
(x)∂φχ
g
(++)
(yg(n)
(++)
, φ). (16)
As G = A, Z, W±L , g, y
G(n)
(++)
(n = 0, 1, · · · , ∞) denote the roots of equation z2RG,ǫ
(++)
(z) ≡ 0
with
RG,ǫ
(++)
(z) = Y0(z)J0(zǫ)− J0(z)Y0(zǫ) . (17)
When G = Z
X
, W±R , y
G(n)
(−+)
(n = 1, 2, · · · , ∞) denote the roots of equation RG,ǫ
(−+)
(z) ≡ 0
with
RG,ǫ
(−+)
(z) = Y0(z)J1(zǫ)− J0(z)Y1(zǫ) . (18)
In order to give the bulk profiles of those five dimensional fields conveniently, we introduce
a coordinate t = ǫ exp(σ(φ)) which takes values between t = ǫ (UV brane) and t = 1 (IR
brane). In terms of the variable t, we write the bulk files for those gauge fields as
χG
(++)
(yG(n)
(++)
, φ) =
tΦG(+)
(uv)
(yG(n)
(++)
, t)
NG(+)
(uv)
(yG(n)
(++)
)
=
tΦG(+)
(ir)
(yG(n)
(++)
, t)
NG(+)
(ir)
(yG(n)
(++)
)
,
χG
(−+)
(yG(n)
(−+)
, φ) =
tΦG(−)
(uv)
(yG(n)
(−+)
, t)
NG(−)
(uv)
(yG(n)
(−+)
)
=
tΦG(+)
(ir)
(yG(n)
(−+)
, t)
NG(+)
(ir)
(yG(n)
(−+)
)
, (19)
with
ΦG(+)
(uv)
(y, t) = Y0(yǫ)J1(yt)− J0(yǫ)Y1(yt) ,
ΦG(+)
(ir)
(y, t) = Y0(y)J1(yt)− J0(y)Y1(yt) ,
ΦG(−)
(uv)
(y, t) = Y1(yǫ)J1(yt)− J1(yǫ)Y1(yt) ,
ΨG(−)
(uv)
(y, t) = Y0(yǫ)J0(yt)− J0(yǫ)Y0(yt) ,
ΨG(−)
(ir)
(y, t) = Y0(y)J0(yt)− J0(y)Y0(yt) ,
ΨG(+)
(uv)
(y, t) = Y1(yǫ)J0(yt)− J1(yǫ)Y0(yt) . (20)
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It is easy to check Eq.(20) satisfying the equation of motions
t
∂ΦG(+)
(uv)
∂t
(y, t) + ΦG(+)
(uv)
(y, t) = ytΨG(−)
(uv)
(y, t) ,
t
∂ΦG(+)
(ir)
∂t
(y, t) + ΦG(+)
(ir)
(y, t) = ytΨG(−)
(ir)
(y, t) ,
t
∂ΦG(−)
(uv)
∂t
(y, t) + ΦG(−)
(uv)
(y, t) = ytΨG(+)
(uv)
(y, t) ,
t
∂ΨG(−)
(uv)
∂t
(y, t) = −ytΦG(+)
(uv)
(y, t) ,
t
∂ΨG(−)
(ir)
∂t
(y, t) = −ytΦG(+)
(ir)
(y, t) ,
t
∂ΨG(+)
(uv)
∂t
(y, t) = −ytΦG(−)
(uv)
(y, t) . (21)
The corresponding normalization constants are formulated as
[
NG(+)
(uv)
(y)
]2
=
2
kr
{(
ΦG(+)
(uv)
(y, 1)
)2 − ǫ2(ΦG(+)
(uv)
(y, ǫ)
)2
+
(
ΨG(−)
(uv)
(y, 1)
)2
−2
y
ΦG(+)
(uv)
(y, 1)ΨG(−)
(uv)
(y, 1)
}
,
[
NG(+)
(ir)
(y)
]2
=
2
kr
{(
ΦG(+)
(ir)
(y, 1)
)2 − ǫ2(ΦG(+)
(ir)
(y, ǫ)
)2 − ǫ2(ΨG(−)
(ir)
(y, ǫ)
)2
+
2ǫ
y
ΦG(+)
(ir)
(y, ǫ)ΨG(−)
(ir)
(y, ǫ)
}
,
[
NG(−)
(uv)
(y)
]2
=
2
kr
{(
ΨG(+)
(uv)
(y, 1)
)2 − ǫ2(ΨG(+)
(uv)
(y, ǫ)
)2
+
(
ΦG(−)
(uv)
(y, 1)
)2
−2
y
ΨG(+)
(uv)
(y, 1)ΦG(−)
(uv)
(y, 1)
}
. (22)
Similarly, the KK decompositions of five dimensional quark fields are written as
χiuL(x, φ) =
e2σ(φ)√
r
∑
n
χi,(n)uL (x)f
L,ciB
(−+)
(yc
i
B(n)
(∓±)
, φ),
χidL(x, φ) =
e2σ(φ)√
r
∑
n
χ
i,(n)
dL
(x)fL,c
i
B
(−+)
(yc
i
B
(n)
(∓±)
, φ),
qiuL(x, φ) =
e2σ(φ)√
r
∑
n
qi,(n)uL (x)f
L,ci
B
(++)
(yc
i
B
(n)
(±±)
, φ),
qidL(x, φ) =
e2σ(φ)√
r
∑
n
q
i,(n)
dL
(x)fL,c
i
B
(++)
(yc
i
B
(n)
(±±)
, φ),
uiR(x, φ) =
e2σ(φ)√
r
∑
n
u
i,(n)
R (x)f
R,ci
S
(++)
(yc
i
S
(n)
(∓∓)
, φ),
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X iR(x, φ) =
e2σ(φ)√
r
∑
n
X
i,(n)
R (x)f
R,ci
T
(−+)
(yc
i
T
(n)
(±∓)
, φ),
U iR(x, φ) =
e2σ(φ)√
r
∑
n
U
i,(n)
R (x)f
R,ciT
(−+)
(yc
i
T (n)
(±∓)
, φ),
DiR(x, φ) =
e2σ(φ)√
r
∑
n
D
i,(n)
R (x)f
R,ci
T
(−+)
(yc
i
T
(n)
(±∓)
, φ),
X˜ iR(x, φ) =
e2σ(φ)√
r
∑
n
X˜
i,(n)
R (x)f
R,ci
T
(−+)
(yc
i
T
(n)
(±∓)
, φ),
U˜ iR(x, φ) =
e2σ(φ)√
r
∑
n
U˜
i,(n)
R (x)f
R,ci
T
(−+)
(yc
i
T
(n)
(±∓)
, φ),
diR(x, φ) =
e2σ(φ)√
r
∑
n
d
i,(n)
R (x)f
R,ci
T
(++)
(yc
i
T
(n)
(∓∓)
, φ),
X iL(x, φ) =
e2σ(φ)√
r
∑
n
X
i,(n)
L (x)f
L,ciT
(+−)
(yc
i
T (n)
(±∓)
, φ),
U iL(x, φ) =
e2σ(φ)√
r
∑
n
U
i,(n)
L (x)f
L,ci
T
(+−)
(yc
i
T
(n)
(±∓)
, φ),
DiL(x, φ) =
e2σ(φ)√
r
∑
n
D
i,(n)
L (x)f
L,ci
T
(+−)
(yc
i
T
(n)
(±∓)
, φ),
X˜ iL(x, φ) =
e2σ(φ)√
r
∑
n
X˜
i,(n)
L (x)f
L,ci
T
(+−)
(yc
i
T
(n)
(±∓)
, φ),
U˜ iL(x, φ) =
e2σ(φ)√
r
∑
n
U˜
i,(n)
L (x)f
L,ci
T
(+−)
(yc
i
T
(n)
(±∓)
, φ),
diL(x, φ) =
e2σ(φ)√
r
∑
n
d
i,(n)
L (x)f
L,ciT
(−−)
(yc
i
T (n)
(∓∓)
, φ),
uiL(x, φ) =
e2σ(φ)√
r
∑
n
u
i,(n)
L (x)f
L,ci
S
(−−)
(yc
i
S
(n)
(∓∓)
, φ),
χiuR(x, φ) =
e2σ(φ)√
r
∑
n
χi,(n)uR (x)f
R,ci
B
(+−)
(yc
i
B
(n)
(∓±)
, φ),
χidR(x, φ) =
e2σ(φ)√
r
∑
n
χ
i,(n)
dR
(x)fR,c
i
B
(+−)
(yc
i
B
(n)
(∓±)
, φ),
qiuR(x, φ) =
e2σ(φ)√
r
∑
n
qi,(n)uR (x)f
R,ci
B
(−−)
(yc
i
B
(n)
(±±)
, φ),
qidR(x, φ) =
e2σ(φ)√
r
∑
n
q
i,(n)
dR
(x)fR,c
i
B
(−−)
(yc
i
B(n)
(±±)
, φ). (23)
In Eq.(23), the eigenvalues yc(n)
(±±)
(n ≥ 1) satisfy the equation Rc,ǫ
(±±)
(z) ≡ 0, yc(n)
(∓∓)
(n ≥ 1)
satisfy the equation Rc,ǫ
(∓∓)
(z) ≡ 0, yc(n)
(±∓)
(n ≥ 1) satisfy the equation Rc,ǫ
(±∓)
(z) ≡ 0, and the
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eigenvalues yc(n)
(∓±)
(n ≥ 1) satisfy the equation Rc,ǫ
(∓±)
(z) ≡ 0, respectively. Here, the concrete
expressions of Rc,ǫ
(±±)
(z), Rc,ǫ
(±∓)
(z) , Rc,ǫ
(∓±)
(z), Rc,ǫ
(∓∓)
(z) are
Rc,ǫ
(±±)
(z) =


YN(z)JN (zǫ)− JN(z)YN (zǫ), c = N + 12
J−c+ 1
2
(z)Jc− 1
2
(zǫ)− Jc− 1
2
(z)J−c+ 1
2
(zǫ), c 6= N + 1
2
,
Rc,ǫ
(±∓)
(z) =


JN+1(z)YN (zǫ)− YN+1(z)JN(zǫ), c = N + 12
Jc+ 1
2
(z)J−c+ 1
2
(zǫ) + J−c− 1
2
(z)Jc− 1
2
(zǫ), c 6= N + 1
2
,
Rc,ǫ
(∓±)
(z) =


YN(z)JN+1(zǫ)− JN (z)YN+1(zǫ), c = N + 12
J−c+ 1
2
(z)Jc+ 1
2
(zǫ) + Jc− 1
2
(z)J−c− 1
2
(zǫ), c 6= N + 1
2
,
Rc,ǫ
(∓∓)
(z) =


JN+1(z)YN+1(zǫ)− YN+1(z)JN+1(zǫ), c = N + 12
Jc+ 1
2
(z)J−c− 1
2
(zǫ)− J−c− 1
2
(z)Jc+ 1
2
(zǫ), c 6= N + 1
2
. (24)
In terms of the variable t, those bulk profiles for five dimensional fermions are formulated as
fL,c
(++)
(yc(n)
(±±)
, φ) =
√
t ϕc(+)
L(uv)
(yc(n)
(±±)
, t)
N c(+)
L(uv)
(yc(n)
(±±)
)
=
√
t ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
N c(+)
L(ir)
(yc(n)
(±±)
)
,
fL,c
(+−)
(yc(n)
(±∓)
, φ) =
√
t ϕc(+)
L(uv)
(yc(n)
(±∓)
, t)
N c(+)
L(uv)
(yc(n)
(±∓)
)
=
√
t ϕc(−)
L(ir)
(yc(n)
(±∓)
, t)
N c(−)
L(ir)
(yc(n)
(±∓)
)
,
fL,c
(−+)
(yc(n)
(∓±)
, φ) =
√
t ϕc(−)
L(uv)
(yc(n)
(∓±)
, t)
N c(−)
L(uv)
(yc(n)
(∓±)
)
=
√
t ϕc(+)
L(ir)
(yc(n)
(∓±)
, t)
N c(+)
L(ir)
(yc(n)
(∓±)
)
,
fL,c
(−−)
(yc(n)
(∓∓)
, φ) =
√
t ϕc(−)
L(uv)
(yc(n)
(∓∓)
, t)
N c(−)
L(uv)
(yc(n)
(∓∓)
)
=
√
t ϕc(−)
L(ir)
(yc(n)
(∓∓)
, t)
N c(−)
L(ir)
(yc(n)
(∓∓)
)
,
fR,c
(++)
(yc(n)
(∓∓)
, φ) =
√
t ϕc(+)
R(uv)
(yc(n)
(∓∓)
, t)
N c(+)
R(uv)
(yc(n)
(∓∓)
)
=
√
t ϕc(+)
R(ir)
(yc(n)
(∓∓)
, t)
N c(+)
R(ir)
(yc(n)
(∓∓)
)
,
fR,c
(+−)
(yc(n)
(∓±)
, φ) =
√
t ϕc(+)
R(uv)
(yc(n)
(∓±)
, t)
N c(+)
R(uv)
(yc(n)
(∓±)
)
=
√
t ϕc(−)
R(ir)
(yc(n)
(∓±)
, t)
N c(−)
R(ir)
(yc(n)
(∓±)
)
,
fR,c
(−+)
(yc(n)
(±∓)
, φ) =
√
t ϕc(−)
R(uv)
(yc(n)
(±∓)
, t)
N c(−)
R(uv)
(yc(n)
(±∓)
)
=
√
t ϕc(+)
R(ir)
(yc(n)
(±∓)
, t)
N c(+)
R(ir)
(yc(n)
(±∓)
)
,
fR,c
(−−)
(yc(n)
(±±)
, φ) =
√
t ϕc(−)
R(uv)
(yc(n)
(±±)
, t)
N c(−)
R(uv)
(yc(n)
(±±)
)
=
√
t ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
N c(−)
R(ir)
(yc(n)
(±±)
)
(25)
12
with
ϕc(+)
L(ir)
(y, t) =


YN(y)JN+1(yt)− JN(y)YN+1(yt), c = N + 12
J−c+ 1
2
(y)Jc+ 1
2
(yt) + Jc− 1
2
(y)J−c− 1
2
(yt), c 6= N + 1
2
,
ϕc(+)
L(uv)
(y, t) =


YN(yǫ)JN+1(yt)− JN(yǫ)YN+1(yt), c = N + 12
J−c+ 1
2
(yǫ)Jc+ 1
2
(yt) + Jc− 1
2
(yǫ)J−c− 1
2
(yt), c 6= N + 1
2
,
ϕc(−)
L(ir)
(y, t) =


YN+1(y)JN+1(yt)− JN+1(y)YN+1(yt), c = N + 12
J−c− 1
2
(y)Jc+ 1
2
(yt)− Jc+ 1
2
(y)J−c− 1
2
(yt), c 6= N + 1
2
,
ϕc(−)
L(uv)
(y, t) =


YN+1(yǫ)JN+1(yt)− JN+1(yǫ)YN+1(yt), c = N + 12
J−c− 1
2
(yǫ)Jc+ 1
2
(yt)− Jc+ 1
2
(yǫ)J−c− 1
2
(yt), c 6= N + 1
2
,
ϕc(−)
R(ir)
(y, t) =


YN(y)JN(yt)− JN(y)YN(yt), c = N + 12
J−c+ 1
2
(y)Jc− 1
2
(yt)− Jc− 1
2
(y)J−c+ 1
2
(yt), c 6= N + 1
2
,
ϕc(−)
R(uv)
(y, t) =


YN(yǫ)JN(yt)− JN(yǫ)YN(yt), c = N + 12
J−c+ 1
2
(yǫ)Jc− 1
2
(yt)− Jc− 1
2
(yǫ)J−c+ 1
2
(yt), c 6= N + 1
2
,
ϕc(+)
R(ir)
(y, t) =


YN+1(y)JN(yt)− JN+1(y)YN(yt), c = N + 12
J−c− 1
2
(y)Jc− 1
2
(yt) + Jc+ 1
2
(y)J−c+ 1
2
(yt), c 6= N + 1
2
,
ϕc(+)
R(uv)
(y, t) =


YN+1(yǫ)JN(yt)− JN+1(yǫ)YN(yt), c = N + 12
J−c− 1
2
(yǫ)Jc− 1
2
(yt) + Jc+ 1
2
(yǫ)J−c+ 1
2
(yt), c 6= N + 1
2
. (26)
It should pointed out that those bulk profiles satisfy the following equations of motion
t
∂ϕc(±)
L(ir)
∂t
(y, t) +
(
c+
1
2
)
ϕc(±)
L(ir)
(y, t) = ytϕc(∓)
R(ir)
(y, t) ,
t
∂ϕc(±)
R(ir)
∂t
(z, t)−
(
c− 1
2
)
ϕc(±)
R(ir)
(y, t) = −ytϕc(∓)
L(ir)
(y, t) ,
t
∂ϕc(±)
L(uv)
∂t
(y, t) +
(
c+
1
2
)
ϕc(±)
L(uv)
(y, t) = ytϕc(∓)
R(uv)
(y, t) ,
t
∂ϕc(±)
R(uv)
∂t
(y, t)−
(
c− 1
2
)
ϕc(±)
R(uv)
(y, t) = −ytϕc(∓)
L(uv)
(y, t) . (27)
Meanwhile, the normalization factors can be written as
[
N c(+)
L(ir)
(y)
]2
=
2
krǫ
{(
ϕc(+)
L(ir)
(y, 1)
)2 − ǫ2(ϕc(+)
L(ir)
(y, ǫ)
)2 − ǫ2(ϕc(−)
R(ir)
(y, ǫ)
)2
13
+(2c+ 1)
ǫ
y
ϕc(+)
L(ir)
(y, ǫ)ϕc(−)
R(ir)
(y, ǫ)
}
,
[
N c(−)
R(ir)
(y)
]2
=
2
krǫ
{(
ϕc(+)
L(ir)
(y, 1)
)2 − ǫ2(ϕc(+)
L(ir)
(y, ǫ)
)2 − ǫ2(ϕc(−)
R(ir)
(y, ǫ)
)2
+(2c− 1) ǫ
y
ϕc(+)
L(ir)
(y, ǫ)ϕc(−)
R(ir)
(y, ǫ)
}
,
[
N c(−)
L(ir)
(y)
]2
=
2
krǫ
{
− ǫ2
(
ϕc(−)
L(ir)
(y, ǫ)
)2
+
(
ϕc(+)
R(ir)
(y, 1)
)2 − ǫ2(ϕc(+)
R(ir)
(y, ǫ)
)2
+(2c+ 1)
ǫ
y
ϕc(−)
L(ir)
(y, ǫ)ϕc(+)
R(ir)
(y, ǫ)
}
,
[
N c(+)
R(ir)
(y)
]2
=
2
krǫ
{
− ǫ2
(
ϕc(−)
L(ir)
(y, ǫ)
)2
+
(
ϕc(+)
R(ir)
(y, 1)
)2 − ǫ2(ϕc(+)
R(ir)
(y, ǫ)
)2
+(2c− 1) ǫ
y
ϕc(−)
L(ir)
(y, ǫ)ϕc(+)
R(ir)
(y, ǫ)
}
,
[
N c(+)
L(uv)
(y)
]2
=
2
krǫ
{(
ϕc(+)
L(uv)
(y, 1)
)2 − ǫ2(ϕc(+)
L(uv)
(y, ǫ)
)2
+
(
ϕc(−)
R(uv)
(y, 1)
)2
−2c+ 1
y
ϕc(+)
L(uv)
(y, 1)ϕc(−)
R(uv)
(y, 1)
}
,
[
N c(−)
R(uv)
(y)
]2
=
2
krǫ
{(
ϕc(+)
L(uv)
(y, 1)
)2 − ǫ2(ϕc(+)
L(uv)
(y, ǫ)
)2
+
(
ϕc(−)
R(uv)
(y, 1)
)2
−2c− 1
y
ϕc(+)
L(uv)
(y, 1)ϕc(−)
R(uv)
(y, 1)
}
,
[
N c(−)
L(uv)
(y)
]2
=
2
krǫ
{(
ϕc(−)
L(uv)
(y, 1)
)2
+
(
ϕc(+)
R(uv)
(y, 1)
)2 − ǫ2(ϕc(+)
R(uv)
(y, ǫ)
)2
−2c+ 1
y
ϕc(−)
L(uv)
(y, 1)ϕc(+)
R(uv)
(y, 1)
}
,
[
N c(+)
R(uv)
(y)
]2
=
2
krǫ
{(
ϕc(−)
L(uv)
(y, 1)
)2
+
(
ϕc(+)
R(uv)
(y, 1)
)2 − ǫ2(ϕc(+)
R(uv)
(y, ǫ)
)2
−2c− 1
y
ϕc(−)
L(uv)
(y, 1)ϕc(+)
R(uv)
(y, 1)
}
. (28)
With the preparations above, we verify some lemmas on the eigenvalues of KK modes in the
framework of warped extra dimension, then show how to sum over the infinite series of KK
modes using the residue theorem.
III. SUMMING OVER INFINITE SERIES OF KK MODES
As mentioned above, the radiative corrections from all virtual KK modes to the physics
quantities at electroweak scale should be summed over in principle in order to obtain the the-
oretical predictions in extensions of the SM with a warped or unified extra dimension. To sum
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over the infinite series
∞∑
n=1
(f(yc(n)
(BCs)
)+ f(yc(−n)
(BCs)
)) where f(z) is analytic function except some
limited in number nonzero poles z1, z2, · · · , zn0 and the possible pole z = 0, we construct
another function G(z) which is analytic except its poles of order one yc(±1)
(BCs)
, · · · , yc(±n)
(BCs)
, · · ·,
and the possible pole of order m: z = 0 (m ≥ 1). Additional, the residues of G(z) are
uniform one at nonzero poles z = yc(±1)
(BCs)
, · · · , yc(±n)
(BCs)
, · · ·. If the closed rectifiable contour
Cr(n) does not pass through any of the points y
c(±k)
(BCs)
(k = 1, 2, · · · , n), and the region with
the boundary Cr(n) contains the points 0, y
c(±1)
(BCs)
, · · · , yc(±n)
(BCs)
and z1, z2, · · · , zn0 . According
the residue theorem[60], we obtain
∮
Cr(n)
G(z)f(z)dz = i2π
{ n∑
i=1
[
f(yc(i)
(BCs)
) + f(yc(−i)
(BCs)
)
]
+Res
(
G(z)f(z), z = 0
)
+
n0∑
i=1
Res
(
G(z)f(z), z = zi
)}
. (29)
If the limit
lim
n→∞
∮
Cr(n)
G(z)f(z)dz = 0 ,
then we can sum over the infinite series
∞∑
i=1
[
f(yc(i)
(BCs)
) + f(yc(−i)
(BCs)
)
]
= −Res
(
G(z)f(z), z = 0
)
−
n0∑
i=1
Res
(
G(z)f(z), z = zi
)
. (30)
To construct the function G(z) and find the suitable contour Cr(n) , we verify some lemmas
on the eigenvalues of KK modes firstly.
Lemma1: If yc(n)
(BCs)
(n = 1, 2, · · · , ∞) satisfy the equation Rc,ǫ
(BCs)
(yc(n)
(BCs)
) = 0 where c
denotes the bulk mass of five dimensional fermions, then yc(n)
(BCs)
is real.
Proof. Taking (BCs) = (±±) as an example, we show how to demonstrate that the
roots of Rc,ǫ
±±
(yc(n)
±±
) = 0 are real. If the left-handed five dimensional fermion satisfies the
BCs (++) and the dual right-handed five dimensional fermion satisfies the BCs (−−), the
corresponding bulk files are written as
fL,c
(++)
(yc(n)
(±±)
, φ) =
√
tϕc(+)
L(ir)
(yc(n)
(±±)
, t)
N c(+)
L(ir)
(yc(n)
(±±)
)
=
√
tϕc(+)
L(uv)
(yc(n)
(±±)
, t)
N c(+)
L(uv)
(yc(n)
(±±)
)
,
fR,c
(−−)
(yc(n)
(±±)
, φ) =
√
tϕc(−)
R(ir)
(yc(n)
(±±)
, t)
N c(−)
R(ir)
(yc(n)
(±±)
)
=
√
tϕc(−)
R(uv)
(yc(n)
(±±)
, t)
N c(−)
R(uv)
(yc(n)
(±±)
)
, (31)
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where ϕc(+)
L(ir)
(yc(n)
(±±)
, t), ϕc(+)
L(uv)
(yc(n)
(±±)
, t), ϕc(−)
R(ir)
(yc(n)
(±±)
, t), ϕc(−)
R(uv)
(yc(n)
(±±)
, t) satisfy the equations of
motion in Eq.(27). Using Eq.(27), we can derive easily the following equations
1
t
∂
∂t
(
t
∂ϕc(+)
L(ir)
∂t
)
(yc(n)
(±±)
, t) +
([
yc(n)
(±±)
]2 − (c+
1
2
)2
t2
)
ϕc(+)
L(ir)
(yc(n)
(±±)
, t) = 0 ,
1
t
∂
∂t
(
t
∂ϕc(−)
R(ir)
∂t
)
(yc(n)
(±±)
, t) +
([
yc(n)
(±±)
]2 − (c−
1
2
)2
t2
)
ϕc(−)
R(ir)
(yc(n)
(±±)
, t) = 0 . (32)
If yc(n)
(±±)
= r + is (r, s are real and s 6= 0) satisfies Rc,ǫ
(±±)
(yc(n)
(±±)
) = 0, then its conjugate
yc(n)
(±±)
= r − is also satisfies Rc,ǫ
(±±)
(yc(n)
(±±)
) = 0. This implies
1
t
∂
∂t
(
t
∂ϕc(+)
L(ir)
∂t
)
(yc(n)
(±±)
, t) +
([
yc(n)
(±±)
]2 − (c+
1
2
)2
t2
)
ϕc(+)
L(ir)
(yc(n)
(±±)
, t) = 0 . (33)
Using the first equation in Eq(32) and that in Eq(33), we find
([
yc(n)
(±±)
]2 − [yc(n)
(±±)
]2)∫ 1
ǫ
dttϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
=
{
tϕc(+)
L(ir)
(yc(n)
(±±)
, t)
∂ϕc(+)
L(ir)
∂t
(yc(n)
(±±)
, t)− tϕc(+)
L(ir)
(yc(n)
(±±)
, t)
∂ϕc(+)
L(ir)
∂t
(yc(n)
(±±)
, t)
}1
ǫ
=
{
tyc(n)
(±±)
ϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)− tyc(n)
(±±)
ϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
}1
ǫ
. (34)
Similarly, we also obtain
([
yc(n)
(±±)
]2 − [yc(n)
(±±)
]2)∫ 1
ǫ
dttϕc(−)
R(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
=
{
− tyc(n)
(±±)
ϕc(−)
R(ir)
(yc(n)
(±±)
, t)ϕc(+)
L(ir)
(yc(n)
(±±)
, t) + tyc(n)
(±±)
ϕc(−)
R(ir)
(yc(n)
(±±)
, t)ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
}1
ǫ
. (35)
Since t ∈ (ǫ, 1) is real, ϕc(+)
L(ir)
(yc(n)
(±±)
, t) =
[
ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
]∗
, ϕc(−)
R(ir)
(yc(n)
(±±)
, t) =
[
ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
]∗
,
then
∫ 1
ǫ
dttϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(+)
L(ir)
(yc(n)
(±±)
, t) =
∫ 1
ǫ
dtt
∣∣∣ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
∣∣∣2 > 0 ,
∫ 1
ǫ
dttϕc(−)
R(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t) =
∫ 1
ǫ
dtt
∣∣∣ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
∣∣∣2 > 0 (36)
for the nontrivial functions ϕc(+)
L(ir)
(yc(n)
(±±)
, t), ϕc(−)
R(ir)
(yc(n)
(±±)
, t). If r 6= 0, then
[
yc(n)
(±±)
]2− [yc(n)
(±±)
]2
=
i4rs 6= 0. Applying (−−) BCs satisfied by the bulk profiles of right-handed fermions, we
derive the following equations from Eq(34) and Eq(35):
∫ 1
ǫ
dtt
∣∣∣ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
∣∣∣2 = 0 ,
∫ 1
ǫ
dtt
∣∣∣ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
∣∣∣2 = 0 , (37)
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which are contrary to the inequalities in Eq(36). For r = 0,
∫ 1
ǫ
dtt
∣∣∣ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
∣∣∣2
= lim
r→0
1
i4rs
{
tyc(n)
(±±)
ϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)− tyc(n)
(±±)
ϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
}1
ǫ
=
1
i4s
{
tϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t) +
yc(n)
(±±)
yc(n)
(±±)
t2
∂ϕc(+)
L(ir)
∂t
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
+t2ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
∂ϕc(−)
R(ir)
∂t
(yc(n)
(±±)
, t)− tϕc(+)
L(ir)
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
−
yc(n)
(±±)
yc(n)
(±±)
t2
∂ϕc(+)
L(ir)
∂t
(yc(n)
(±±)
, t)ϕc(−)
R(ir)
(yc(n)
(±±)
, t)− t2ϕc(+)
L(ir)
(yc(n)
(±±)
, t)
∂ϕc(−)
R(ir)
∂t
(yc(n)
(±±)
, t)
}1
ǫ
=
1
2
{∣∣∣ϕc(+)
L(ir)
(yc(n)
(±±)
, 1)
∣∣∣2 − ǫ2∣∣∣ϕc(+)
L(ir)
(yc(n)
(±±)
, ǫ)
∣∣∣2} . (38)
In the last step, we apply the equation of motion for the bulk profiles of fermions in Eq(27)
and (−−) BCs satisfied by the bulk files of right-handed fermions. Similarly, we can derive
∫ 1
ǫ
dtt
∣∣∣ϕc(−)
R(ir)
(yc(n)
(±±)
, t)
∣∣∣2 = −1
2
{∣∣∣ϕc(+)
L(ir)
(yc(n)
(±±)
, 1)
∣∣∣2 − ǫ2
∣∣∣ϕc(+)
L(ir)
(yc(n)
(±±)
, ǫ)
∣∣∣2} . (39)
Eq(38) and Eq(39) are also contrary to the inequalities in Eq(36). In other words, Rc,ǫ
(±±)
(z) =
0 only has the real roots. Analogously, we can verify that the equations Rc,ǫ
(±∓)
(z) = 0,
Rc,ǫ
(∓±)
(z) = 0, Rc,ǫ
(∓∓)
(z) = 0, RG,ǫ
(++)
(z) = 0 and RG,ǫ
(−+)
(z) = 0 only have real roots.
Lemma2: If yc(n)
(BCs)
(n = 1, 2, · · · , ∞) satisfy Rc,ǫ
(BCs)
(yc(n)
(BCs)
) = 0, then yc(−n)
(BCs)
= −yc(n)
(BCs)
and
±yc(1)
(BCs)
, · · · , ±yc(n)
(BCs)
, · · · are the zeros of order one of the function Rc,ǫ
(BCs)
(z).
Proof. Assuming (BCs) = (±±), we firstly demonstrate that yc(1)
(±±)
, · · · , yc(n)
(±±)
, · · · are
the zeros of order one of the function Rc,ǫ
(±±)
(z). For c 6= N + 1
2
dRc,ǫ
(±±)
dz
(z) =
[
J−c− 1
2
(z)Jc− 1
2
(zǫ) + Jc+ 1
2
(z)J−c+ 1
2
(zǫ)
]
−ǫ
[
J−c+ 1
2
(z)Jc+ 1
2
(zǫ) + Jc− 1
2
(z)J−c− 1
2
(zǫ)
]
+
2c− 1
z
[
J−c+ 1
2
(z)Jc− 1
2
(zǫ)− Jc− 1
2
(z)J−c+ 1
2
(zǫ)
]
= ϕc(+)
R(ir)
(z, ǫ)− ǫϕc(+)
L(ir)
(z, ǫ) +
2c− 1
z
ϕc(−)
R(ir)
(z, ǫ) . (40)
As c = N + 1/2,
dRc,ǫ
(±±)
dz
(z) = −
[
YN+1(z)JN (zǫ)− JN+1(z)YN(zǫ)
]
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−ǫ
[
YN(z)JN+1(zǫ) − JN(z)YN+1(zǫ)
]
+
2N
z
[
YN(z)JN(zǫ) − JN(z)YN (zǫ)
]
= ϕc(+)
R(ir)
(z, ǫ)− ǫϕc(+)
L(ir)
(z, ǫ) +
2c− 1
z
ϕc(−)
R(ir)
(z, ǫ) . (41)
When yc(n)
(±±)
(n = 1, 2, · · · , ∞) satisfy the equation Rc,ǫ
(±±)
(yc(n)
(±±)
) = 0, then
dRc,ǫ
(±±)
dz
(z)
∣∣∣∣
z=y
c(n)
(±±)
= ϕc(+)
R(ir)
(yc(n)
(±±)
, ǫ)− ǫϕc(+)
L(ir)
(yc(n)
(±±)
, ǫ) 6= 0 . (42)
In other words, yc(n)
(±±)
(n = 1, 2, · · · , ∞) are the zeros of order one for the function
Rc,ǫ
(±±)
(z). Using concrete expressions of the Bessel functions Jν and Yν , we can verify directly
Rc,ǫ
(±±)
(−yc(n)
(±±)
) = 0 if Rc,ǫ
(±±)
(yc(n)
(±±)
) = 0. Furthermore, we can obtain those similar results on
the zeros of the functions Rc,ǫ
(±∓)
(z), Rc,ǫ
(∓±)
(z), Rc,ǫ
(∓∓)
(z), RG,ǫ
(++)
(z) and RG,ǫ
(−+)
(z).
When z → 0 and c 6= N + 1
2
, we expand the function Rc,ǫ
(±±)
(z) according z as
Rc,ǫ
(±±)
(z) =
2(ǫc−
1
2 − ǫ 12−c)
(1− 2c)Γ(1
2
− c)Γ(1
2
+ c)
{
1 +O(z2)
}
. (43)
When z → 0 and c = N + 1
2
, the function Rc,ǫ
(±±)
(z) is approximated as
Rc,ǫ
(±±)
(z) =


1−ǫ2N
NπǫN
{
1 +O(z2)
}
, N 6= 0
−2 ln ǫ
π
{
1 +O(z2)
}
, N = 0
. (44)
In other words, z = 0 is not the zero of Rc,ǫ
(±±)
(z). Similarly, we find that z = 0 is not the
zero of the functions Rc,ǫ
(∓∓)
(z) as well as RG,ǫ
(++)
(z) also, and is the pole of order one of the
functions Rc,ǫ
(±∓)
(z), Rc,ǫ
(∓±)
(z) together with RG,ǫ
(−+)
(z).
Lemma3: Let function f(z) be analytic except for limited in number isolated singularities
on the complex plane. If there are two constants M > 0 and R > 0, we have |zf(z)| ≤ M
when |z| > R. Then
lim
n→∞
∮
Cr(n)
{2
z
+
1
Rc,ǫ
(BCs)
(z)
dRc,ǫ
(BCs)
dz
(z)
}
f(z)dz = 0 , (45)
where the path Cr(n) is the rectangular contour with four vertices (1± i)r(n) and (−1± i)r(n)
with yc(n)
(BCs)
< r(n) < y
c(n+1)
(BCs)
.
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Proof. Firstly, we illustrate how to demonstrate the lemma for the case (BCs) = (±±).
Since |zf(z)| ≤ M when |z| > R, all singularities of the function f(z) all distribute within
the region |z| ≤ R. This implies that zf(z) is analytic at z =∞:
zf(z) = a0 +
a1
z
+
a2
z2
+ · · · , |z| > R , (46)
or
f(z) =
a0
z
+
a1
z2
+
a2
z3
+ · · · , |z| > R . (47)
Applying residue theorem, we have
∮
Cr(n)
{ 2
z2
+
1
zRc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
}
dz
= i2π
{
Res
( 2
z2
+
1
zRc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z), z = 0
)
+
n∑
i=1
[
Res
( 1
zRc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z), z = yc(i)
(±±)
)
+Res
( 1
zRc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z), z = −yc(i)
(±±)
)]}
(48)
Because 2/z2 + (dRc,ǫ
(±±)
(z)/dz)/(zRc,ǫ
(±±)
(z)) is even function of z, its Laurent series at the
point z = 0 does not contain the term which is proportional to 1/z. One directly has
∮
Cr(n)
{ 2
z2
+
1
zRc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
}
dz
= i2π
n∑
i=1
[
Res
( 1
zRc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z), z = yc(i)
(±±)
)
+Res
( 1
zRc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z), z = −yc(i)
(±±)
)]
= i2π
n∑
i=1
[ 1
yc(i)
(±±)
+
1
−yc(i)
(±±)
]
= 0 , (49)
then gets
∮
Cr(n)
{2
z
+
1
Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
}
f(z)dz
=
∮
Cr(n)
{2
z
+
1
Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
}{
f(z)− a0
z
}
dz . (50)
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For f(z)−a0/z = 1/z2
{
a1+a2/z+ · · ·+an+1/zn+ · · ·
}
, a1+a2/z+ · · ·+an+1/zn+ · · · is the
analytic function and its absolute value has an upper limit in the region |z| ≥ R′, R′ > R.
Assuming
∣∣∣a1 + a2
z
+ · · ·+ an+1
zn
+ · · ·
∣∣∣ ≤M′, as |z| ≥ R′ , (51)
then one gets
∣∣∣f(z)− a0
z
∣∣∣ ≤ M
′
|z|2 , as |z| ≥ R
′ . (52)
As n is sufficiently large, we have |z| ≥ R′ for z ∈ C
r(n)
, then get
∣∣∣∣
∮
Cr(n)
{2
z
+
1
Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
}{
f(z)− a0
z
}
dz
∣∣∣∣
≤ 4r(n)M
′
r2(n)
×
{
the upper bound of
∣∣∣ 1
Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
∣∣∣ for z ∈ Cr(n)
}
. (53)
In order to obtain the upper bound of
∣∣∣(dRc,ǫ
(±±)
(z)/dz)/Rc,ǫ
(±±)
(z)
∣∣∣ for z ∈ Cr(n) , we express the
Bessel functions as [61]
Jν(z) =
1√
2πz
{[
ei(z−
νpi
2
−pi
4
) + e−i(z−
νpi
2
−pi
4
)
](
1 +O( 1
z2
)
)
+
i
2ν
(ν2 − 1
4
)
[
ei(z−
νpi
2
−pi
4
) − e−i(z− νpi2 −pi4 )
](
1 +O( 1
z2
)
)}
,
Yν(z) =
1√
2πz
{
− i
[
ei(z−
νpi
2
−pi
4
) − e−i(z− νpi2 −pi4 )
](
1 +O( 1
z2
)
)
+
1
2ν
(ν2 − 1
4
)
[
ei(z−
νpi
2
−pi
4
) + e−i(z−
νpi
2
−pi
4
)
](
1 +O( 1
z2
)
)}
(54)
for |z| → ∞. Using the above equations, we approximate Rc,ǫ
(±±)
(z) and dRc,ǫ
(±±)
(z)/dz as
Rc,ǫ
(±±)
(z) = −i cos cπ
π
√
ǫz
{[
ei(1−ǫ)z − e−i(1−ǫ)z
](
1 +O( 1
z2
)
)
+
ic(c− 1)
2z
(1
ǫ
− 1
)[
ei(1−ǫ)z + e−i(1−ǫ)z
](
1 +O( 1
z2
)
)}
,
dRc,ǫ
(±±)
dz
(z) =
cos cπ
π
√
ǫz
{
(1− ǫ)
[
ei(1−ǫ)z + e−i(1−ǫ)z
](
1 +O( 1
z2
)
)
+
i
z
[
1
+
(
1− (1 + ǫ
2)
2ǫ
)
c(c− 1)
][
ei(1−ǫ)z − e−i(1−ǫ)z
](
1 +O( 1
z2
)
)}
(55)
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for c 6= N +1/2 and |z| → ∞. When c = N +1/2, the functions Rc,ǫ
(±±)
(z) and dRc,ǫ
(±±)
(z)/dz
at |z| → ∞ can be similarly approximated as
Rc,ǫ
(±±)
(z) = − i
π
√
ǫz
{[
ei(1−ǫ)z − e−i(1−ǫ)z
](
1 +O( 1
z2
)
)
+
i
2z
(
N2 − 1
4
)(1
ǫ
− 1
)[
ei(1−ǫ)z + e−i(1−ǫ)z
](
1 +O( 1
z2
)
)}
,
dRc,ǫ
(±±)
dz
(z) =
1
π
√
ǫz
{
(1− ǫ)
[
ei(1−ǫ)z + e−i(1−ǫ)z
](
1 +O( 1
z2
)
)
+
i
z
[
1
+
(
1− (1 + ǫ
2)
2ǫ
)
(N2 − 1
4
)
][
ei(1−ǫ)z − e−i(1−ǫ)z
](
1 +O( 1
z2
)
)}
. (56)
Using Eq(55) and Eq(56), one obtains
1
Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
= i(1− ǫ)
ei(1−ǫ)z + e−i(1−ǫ)z + i
z
[
1
1−ǫ − (1−ǫ)c(c−1)2ǫ
][
ei(1−ǫ)z − e−i(1−ǫ)z
]
ei(1−ǫ)z − e−i(1−ǫ)z + ic(c−1)
2z
(
1
ǫ
− 1
)[
ei(1−ǫ)z + e−i(1−ǫ)z
] [1 +O( 1
z2
)
]
. (57)
If n is sufficiently large, yc(n)
(±±)
is approximately given by [57]
yc(n)
(±±)
≃
[
n +
1
2
(∣∣∣c+ 1
2
∣∣∣− 1)− 1
4
]
π . (58)
The fact implies that the interval between yc(n)
(±±)
and yc(n+1)
(±±)
is about π as n≫ 1. When
yc(n)
(±±)
<
π
1− ǫ
(
N0 +
1
4
)
<
π
1− ǫ
(
N0 +
3
4
)
≤ yc(n+1)
(±±)
(59)
or
yc(n)
(±±)
<
π
1− ǫ
(
N0 +
1
4
)
< yc(n+1)
(±±)
≤ π
1− ǫ
(
N0 +
3
4
)
(60)
where the positive integer N0 obviously turns large along with increasing of the number n,
one can choose
r(n) =
π
1− ǫ
(
N0 +
1
4
)
. (61)
When the point z belongs to the left- and right- borders of C
r(n)
, i.e. z = ∓
(
N0+1/4
)
π/(1−
ǫ) + iy with −
(
N0 + 1/4
)
π/(1− ǫ) ≤ y ≤
(
N0 + 1/4
)
π/(1− ǫ), we have
∣∣∣∣ 1Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
∣∣∣∣
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≤ (1− ǫ)
∣∣∣ei(1−ǫ)z + e−i(1−ǫ)z∣∣∣+ 1|z|
∣∣∣ 1
1−ǫ − (1−ǫ)c(c−1)2ǫ
∣∣∣∣∣∣ei(1−ǫ)z − e−i(1−ǫ)z∣∣∣∣∣∣ei(1−ǫ)z − e−i(1−ǫ)z∣∣∣− |c(c−1)|
2|z|
(
1
ǫ
− 1
)∣∣∣ei(1−ǫ)z + e−i(1−ǫ)z∣∣∣
[
1 +O( 1|z|2 )
∣∣∣
≤ (1− ǫ)
{
1 +
1
r(n)
[ 1
1− ǫ + |c(c− 1)|
(1
ǫ
− 1
)]}[
1 +O( 1
r2(n)
)
]
. (62)
When the point z belongs to the upper- and down- borders of Cr(n) , i.e. z = x ± i
(
N0 +
1/4
)
π/(1− ǫ) with −
(
N0 + 1/4
)
π/(1− ǫ) ≤ x ≤
(
N0 + 1/4
)
π/(1− ǫ), we similarly obtain
∣∣∣∣ 1Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
∣∣∣∣
≤ (1− ǫ)
∣∣∣ei2(1−ǫ)x + e(2N0+ 12 )π∣∣∣+ 1|z|
∣∣∣ 1
1−ǫ − (1−ǫ)c(c−1)2ǫ
∣∣∣∣∣∣ei2(1−ǫ)x − e(2N0+ 12 )π∣∣∣∣∣∣ei2(1−ǫ)x − e(2N0+ 12 )π
∣∣∣− |c(c−1)|
2|z|
(
1
ǫ
− 1
)∣∣∣ei2(1−ǫ)x + e(2N0+ 12 )π
∣∣∣
[
1 +O( 1|z|2 )
∣∣∣
≤ (1− ǫ)
{
1 +
1
|z|
∣∣∣ 1
1− ǫ −
(1− ǫ)c(c− 1)
2ǫ
∣∣∣+ |c(c− 1)|
2|z|
(1
ǫ
− 1
)}
× e
(2N0+
1
2
)π + 1
e(2N0+
1
2
)π − 1− |c(c−1)||z|
(
1
ǫ
− 1
)[1 +O( 1|z|2 )
]
≤ 2(1− ǫ)
{
1 +
1
r(n)
[ 1
1− ǫ + |c(c− 1)|
(1
ǫ
− 1
)]}[
1 +O( 1
r2(n)
)
]
. (63)
As
π
1− ǫ
(
N0 +
1
4
)
≤ yc(n)
(±±)
<
π
1− ǫ
(
N0 +
3
4
)
< yc(n+1)
(±±)
, (64)
we choose
r(n) =
π
1− ǫ
(
N0 +
3
4
)
, (65)
and similarly get the upper bounds in Eq(62) and Eq(63). Applying Eq(53), we have
lim
r(n)→∞
∣∣∣∣
∮
Cr(n)
{2
z
+
1
Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
}{
f(z)− a0
z
}
dz
∣∣∣∣
≤ lim
r(n)→∞
4(1− ǫ)M′
r(n)
{
1 +
1
r(n)
[ 1
1− ǫ + |c(c− 1)|
(1
ǫ
− 1
)]}[
1 +O( 1
r2(n)
)
]
= 0 . (66)
In other words, the integral
lim
r(n)→∞
∮
Cr(n)
{2
z
+
1
Rc,ǫ
(±±)
(z)
dRc,ǫ
(±±)
dz
(z)
}
f(z) = 0 . (67)
22
Using the equation in Eq(24) and Eq(54), we have
1
Rc,ǫ
(±∓)
(z)
dRc,ǫ
(±∓)
dz
(z) = i(1− ǫ)e
i(1−ǫ)z − e−i(1−ǫ)z
ei(1−ǫ)z + e−i(1−ǫ)z
{
1− i
2z
[c(c− 1)
ǫ
−c− 1 + (c
2 − 1)ǫ2
1− ǫ
]ei(1−ǫ)z + e−i(1−ǫ)z
ei(1−ǫ)z − e−i(1−ǫ)z
+
ic
2z
(c− 1
ǫ
− c− 1
)ei(1−ǫ)z − e−i(1−ǫ)z
ei(1−ǫ)z + e−i(1−ǫ)z
}[
1 +O( 1
z2
)
]
, (68)
for the case BCs = (±∓). If n is sufficiently large, yc(n)
(±∓)
is approximately given by [57]
yc(n)
(±∓)
≃
[
n+
1
2
(∣∣∣c + 1
2
∣∣∣− 1)+ 1
4
]
π . (69)
The fact also implies that the interval between yc(n)
(±∓)
and yc(n+1)
(±∓)
is about π as n≫ 1. When
yc(n)
(±±)
<
π
1− ǫ
(
N0 − 1
4
)
<
π
1− ǫ
(
N0 +
1
4
)
≤ yc(n+1)
(±±)
(70)
or
yc(n)
(±±)
<
π
1− ǫ
(
N0 − 1
4
)
< yc(n+1)
(±±)
≤ π
1− ǫ
(
N0 +
1
4
)
(71)
where the positive integer N0 obviously turns large along with increasing of the number n.
One can obviously choose
r(n) =
π
1− ǫ
(
N0 − 1
4
)
. (72)
As
π
1− ǫ
(
N0 − 1
4
)
≤ yc(n)
(±±)
<
π
1− ǫ
(
N0 +
1
4
)
< yc(n+1)
(±±)
, (73)
one can choose r(n) = (N0 + 1/4)π/(1− ǫ). Then performing the similar analysis above, we
finally get
lim
r(n)→∞
∮
Cr(n)
{2
z
+
1
Rc,ǫ
(±∓)
(z)
dRc,ǫ
(±∓)
dz
(z)
}
f(z) = 0 . (74)
As for the function Rc,ǫ
(∓±)
(z), Rc,ǫ
(∓∓)
(z), RG,ǫ
(++)
(z) and RG,ǫ
(−+)
(z), we derive the similar equa-
tions.
23
Using the lemmas verified above and Eq(29), we summarize the summing over infinite
series of KK modes as
∞∑
i=1
[
f(yc(i)
(BCs)
) + f(−yc(i)
(BCs)
)
]
= −Res
[(2
z
+
1
Rc,ǫ
(BCs)
(z)
dRc,ǫ
(BCs)
dz
(z)
)
f(z), z = 0
]
−
n0∑
i=1
Res
[(2
z
+
1
Rc,ǫ
(BCs)
(z)
dRc,ǫ
(BCs)
dz
(z)
)
f(z), z = zi
]
,
∞∑
i=1
[
f(yG(i)
(BCs)
) + f(−yG(i)
(BCs)
)
]
= −Res
[(2
z
+
1
RG,ǫ
(BCs)
(z)
dRG,ǫ
(BCs)
dz
(z)
)
f(z), z = 0
]
−
n0∑
i=1
Res
[(2
z
+
1
RG,ǫ
(BCs)
(z)
dRG,ǫ
(BCs)
dz
(z)
)
f(z), z = zi
]
(75)
where
lim
|z|→∞
|zf(z)| ≤ M, 0 <M <∞ . (76)
Actually, Eq(76) is the sufficient condition to judge if the infinite series
∞∑
i=1
[
f(yc(i)
(BCs)
) +
f(−yc(i)
(BCs)
)
]
is convergent.
In extensions of the SM with a warped extra dimension, the bulk profiles in Eq.(25)
affect amplitudes for relevant processes in terms of
[
χG
(BCs)
(yG(n)
(BCs)
, φ)
][
χG
(BCs)
(yG(n)
(BCs)
, φ′)
]
,[
fL,c
(BCs)
(yc(n)
(BCs)
, φ)
][
fL,c
(BCs)
(yc(n)
(BCs)
, φ′)
]
and
[
fR,c
(BCs)
(yc(n)
(BCs)
, φ)
][
fR,c
(BCs)
(yc(n)
(BCs)
, φ′)
]
. In order to sum
over the infinite series of KK modes properly, one should analytically extend the above com-
binations of bulk profiles to the complex plane. Here, we illustrate how to extend analytically
the combinations of bulk profiles for gauge fields satisfying (++) ((−+)) BCs in the com-
plex plane. When y = yG(n)
(++)
satisfies the equation RG,ǫ
(++)
(yG(n)
(++)
) = 0, the combination of bulk
profiles for gauge fields satisfying (++) BCs can be formulated as
[
χG
(++)
(y, φ)
][
χG
(++)
(y, φ′)
]
=
tt′ΦG(+)
(uv)
(y, t)ΦG(+)
(uv)
(y, t′)[
NG(+)
(uv)
(y)
]2
=
tt′ΦG(+)
(ir)
(y, t)ΦG(+)
(ir)
(y, t′)[
NG(+)
(ir)
(y)
]2
=
tt′ΦG(+)
(uv)
(y, t)ΦG(+)
(ir)
(y, t′)[
NG(+)
(uv)
(y)
][
NG(+)
(ir)
(y)
]
=
tt′ΦG(+)
(ir)
(y, t)ΦG(+)
(uv)
(y, t′)[
NG(+)
(uv)
(y)
][
NG(+)
(ir)
(y)
] , (77)
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with t = ǫeσ(φ), t′ = ǫeσ(φ
′). When y = yG(n)
(−+)
satisfies the equation RG,ǫ
(−+)
(yG(n)
(−+)
) = 0, the
combination of bulk profiles for gauge fields satisfying the BCs (−+) can be written as
[
χG
(−+)
(y, φ)
][
χG
(−+)
(y, φ′)
]
=
tt′ΦG(−)
(uv)
(y, t)ΦG(−)
(uv)
(y, t′)[
NG(−)
(uv)
(y)
]2
=
tt′ΦG(+)
(ir)
(y, t)ΦG(+)
(ir)
(y, t′)[
NG(+)
(ir)
(y)
]2
=
tt′ΦG(−)
(uv)
(y, t)ΦG(+)
(ir)
(y, t′)[
NG(−)
(uv)
(y)
][
NG(+)
(ir)
(y)
]
=
tt′ΦG(+)
(ir)
(y, t)ΦG(−)
(uv)
(y, t′)[
NG(−)
(uv)
(y)
][
NG(+)
(ir)
(y)
] . (78)
The combinations of bulk profiles for gauge fields certainly satisfy the corresponding BCs:
∂
∂φ
(uv)
[
χG
(++)
(y, φ)
][
χG
(++)
(y, φ′)
]∣∣∣∣
φ
(uv)
=0
= 0 ,
∂
∂φ
(ir)
[
χG
(++)
(y, φ)
][
χG
(++)
(y, φ′)
]∣∣∣∣
φ
(ir)
=π/2
= 0 ,
[
χG
(−+)
(y, φ)
][
χG
(−+)
(y, φ′)
]∣∣∣∣
φ
(uv)
=0
= 0 ,
∂
∂φ
(ir)
[
χG
(−+)
(y, φ)
][
χG
(−+)
(y, φ′)
]∣∣∣∣
φ
(ir)
=π/2
= 0 , (79)
with φ
(uv)
= min(φ, φ′), φ
(ir)
= max(φ, φ′). Considering Eq.(79), we analytically extend the
combinations of bulk profiles from Eq.(77) and Eq.(78) in the complex plane as
[
χG
(++)
(z, φ)
][
χG
(++)
(z, φ′)
]
=
tt′[
NG(+)
(uv)
(z)
][
NG(+)
(ir)
(z)
]{θ(t− t′)ΦG(+)
(uv)
(z, t′)ΦG(+)
(ir)
(z, t)
+θ(t′ − t)ΦG(+)
(uv)
(z, t)ΦG(+)
(ir)
(z, t′)
}
,
[
χG
(−+)
(z, φ)
][
χG
(−+)
(z, φ′)
]
=
tt′[
NG(−)
(uv)
(z)
][
NG(+)
(ir)
(z)
]{θ(t− t′)ΦG(−)
(uv)
(z, t′)ΦG(+)
(ir)
(z, t)
+θ(t′ − t)ΦG(−)
(uv)
(z, t)ΦG(+)
(ir)
(z, t′)
}
. (80)
Here, the step function θ(x) is defined as
θ(x) =


1, x > 0 ;
1
2
, x = 0 ;
0, x < 0 .
(81)
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To guarantee that the combinations of bulk profiles are uniformly bounded in the complex
plane, we analytically extend the corresponding normalization factors in Eq.(80) as
∣∣∣NG(+)
(uv)
(z)
∣∣∣2 = 2
kr(z2 − z¯2)
{
z¯ΦG(+)
(uv)
(z, 1)ΨG(−)
(uv)
(z¯, 1)− zΦG(+)
(uv)
(z¯, 1)ΨG(−)
(uv)
(z, 1)
}
+
2
kr
Υ(z) ,
∣∣∣NG(−)
(uv)
(z)
∣∣∣2 = 2
kr(z2 − z¯2)
{
z¯ΦG(−)
(uv)
(z, 1)ΨG(+)
(uv)
(z¯, 1)− zΦG(−)
(uv)
(z¯, 1)ΨG(+)
(uv)
(z, 1)
}
+
2
kr
Υ(z) ,
∣∣∣NG(+)
(ir)
(z)
∣∣∣2 = 2ǫ
kr(z2 − z¯2)
{
zΦG(+)
(ir)
(z¯, ǫ)ΨG(−)
(ir)
(z, ǫ)− z¯ΦG(+)
(ir)
(z, ǫ)ΨG(−)
(ir)
(z¯, ǫ)
}
+
2
kr
Υ(z) . (82)
Here, z¯ represents the conjugate of z, and the non-negative function Υ(z) is defined as
Υ(z) =
1
π2|z|2
{
(1− ǫ)
(
e−i(1−ǫ)(z−z¯) + ei(1−ǫ)(z−z¯)
)
+
e−i(1−ǫ)(z−z¯) − ei(1−ǫ)(z−z¯)
i(z − z¯)
}
. (83)
In the limit of z¯ = z (i.e. z is real), one easily gets
lim
z¯→zΥ(z) = 0 (84)
and the normalization factors in Eq.(82) recover the corresponding expressions in Eq.(22).
Similarly, we can analytically generalize the normalization constants of bulk profiles for
fermions as
∣∣∣N c(+)
L(ir)
(z)
∣∣∣2 = 2
kr(z2 − z¯2)
{
zϕc(+)
L(ir)
(z¯, ǫ)ϕc(−)
R(ir)
(z, ǫ)− z¯ϕc(+)
L(ir)
(z, ǫ)ϕc(−)
R(ir)
(z¯, ǫ)
}
+
2 cos2 cπ
krǫ
Υ(z) ,
∣∣∣N c(+)
L(uv)
(z)
∣∣∣2 = 2
krǫ(z2 − z¯2)
{
z¯ϕc(+)
L(uv)
(z, 1)ϕc(−)
R(uv)
(z¯, 1)− zϕc(+)
L(uv)
(z¯, 1)ϕc(−)
R(uv)
(z, 1)
}
+
2 cos2 cπ
krǫ
Υ(z) ,
∣∣∣N c(−)
R(ir)
(z)
∣∣∣2 = 2
kr(z2 − z¯2)
{
z¯ϕc(+)
L(ir)
(z¯, ǫ)ϕc(−)
R(ir)
(z, ǫ)− zϕc(+)
L(ir)
(z, ǫ)ϕc(−)
R(ir)
(z¯, ǫ)
}
+
2 cos2 cπ
krǫ
Υ(z) ,
∣∣∣N c(−)
R(uv)
(z)
∣∣∣2 = 2
krǫ(z2 − z¯2)
{
zϕc(+)
L(uv)
(z, 1)ϕc(−)
R(uv)
(z¯, 1)− z¯ϕc(+)
L(uv)
(z¯, 1)ϕc(−)
R(uv)
(z, 1)
}
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+
2 cos2 cπ
krǫ
Υ(z) ,
∣∣∣N c(−)
L(ir)
(z)
∣∣∣2 = 2
kr(z2 − z¯2)
{
zϕc(−)
L(ir)
(z¯, ǫ)ϕc(+)
R(ir)
(z, ǫ)− z¯ϕc(−)
L(ir)
(z, ǫ)ϕc(+)
R(ir)
(z¯, ǫ)
}
+
2 cos2 cπ
krǫ
Υ(z) ,
∣∣∣N c(−)
L(uv)
(z)
∣∣∣2 = 2
krǫ(z2 − z¯2)
{
z¯ϕc(−)
L(uv)
(z, 1)ϕc(+)
R(uv)
(z¯, 1)− zϕc(−)
L(uv)
(z¯, 1)ϕc(+)
R(uv)
(z, 1)
}
+
2 cos2 cπ
krǫ
Υ(z) ,
∣∣∣N c(+)
R(ir)
(z)
∣∣∣2 = 2
kr(z2 − z¯2)
{
z¯ϕc(−)
L(ir)
(z¯, ǫ)ϕc(+)
R(ir)
(z, ǫ)− zϕc(−)
L(ir)
(z, ǫ)ϕc(+)
R(ir)
(z¯, ǫ)
}
+
2 cos2 cπ
krǫ
Υ(z) ,
∣∣∣N c(+)
R(uv)
(z)
∣∣∣2 = 2
krǫ(z2 − z¯2)
{
zϕc(−)
L(uv)
(z, 1)ϕc(+)
R(uv)
(z¯, 1)− z¯ϕc(−)
L(uv)
(z¯, 1)ϕc(+)
R(uv)
(z, 1)
}
+
2 cos2 cπ
krǫ
Υ(z) . (85)
Using the above normalization constant defined in Eq.(85), we write the uniformly bounded
combinations of bulk profiles for fermion fields in the complex plane as
[
fL,c
(++)
(z, φ)
][
fL,c
(++)
(z, φ′)
]
=
√
tt′
N c(+)
L(uv)
(z)N c(+)
L(ir)
(z)
{
θ(t− t′)ϕc(+)
L(uv)
(z, t′)ϕc(+)
L(ir)
(z, t)
+θ(t′ − t)ϕc(+)
L(uv)
(z, t)ϕc(+)
L(ir)
(z, t′)
}
,
[
fR,c
(−−)
(z, φ)
][
fR,c
(−−)
(z, φ′)
]
=
√
tt′
N c(−)
R(uv)
(z)N c(−)
R(ir)
(z)
{
θ(t− t′)ϕc(−)
R(uv)
(z, t′)ϕc(−)
R(ir)
(z, t)
+θ(t′ − t)ϕc(−)
R(uv)
(z, t)ϕc(−)
R(ir)
(z, t′)
}
.
[
fL,c
(+−)
(z, φ)
][
fL,c
(+−)
(z, φ′)
]
=
√
tt′
N c(+)
L(uv)
(z)N c(−)
L(ir)
(z)
{
θ(t− t′)ϕc(+)
L(uv)
(z, t′)ϕc(−)
L(ir)
(z, t)
+θ(t′ − t)ϕc(+)
L(uv)
(z, t)ϕc(−)
L(ir)
(z, t′)
}
,
[
fR,c
(−+)
(z, φ)
][
fR,c
(−+)
(z, φ′)
]
=
√
tt′
N c(−)
R(uv)
(z)N c(+)
R(ir)
(z)
{
θ(t− t′)ϕc(−)
R(uv)
(z, t′)ϕc(+)
R(ir)
(z, t)
+θ(t′ − t)ϕc(−)
R(uv)
(z, t)ϕc(+)
R(ir)
(z, t′)
}
,
[
fL,c
(−+)
(z, φ)
][
fL,c
(−+)
(z, φ′)
]
=
√
tt′
N c(−)
L(uv)
(z)N c(+)
L(ir)
(z)
{
θ(t− t′)ϕc(−)
L(uv)
(z, t′)ϕc(+)
L(ir)
(z, t)
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+θ(t′ − t)ϕc(−)
L(uv)
(z, t)ϕc(+)
L(ir)
(z, t′)
}
,
[
fR,c
(+−)
(z, φ)
][
fR,c
(+−)
(z, φ′)
]
=
√
tt′
N c(+)
R(uv)
(z)N c(−)
R(ir)
(z)
{
θ(t− t′)ϕc(+)
R(uv)
(z, t′)ϕc(−)
R(ir)
(z, t)
+θ(t′ − t)ϕc(+)
R(uv)
(z, t)ϕc(−)
R(ir)
(z, t′)
}
,
[
fL,c
(−−)
(z, φ)
][
fL,c
(−−)
(z, φ′)
]
=
√
tt′
N c(−)
L(uv)
(z)N c(−)
L(ir)
(z)
{
θ(t− t′)ϕc(−)
L(uv)
(z, t′)ϕc(−)
L(ir)
(z, t)
+θ(t′ − t)ϕc(−)
L(uv)
(z, t)ϕc(−)
L(ir)
(z, t′)
}
,
[
fR,c
(++)
(z, φ)
][
fR,c
(++)
(z, φ′)
]
=
√
tt′
N c(+)
R(uv)
(z)N c(+)
R(ir)
(z)
{
θ(t− t′)ϕc(+)
R(uv)
(z, t′)ϕc(+)
R(ir)
(z, t)
+θ(t′ − t)ϕc(+)
R(uv)
(z, t)ϕc(+)
R(ir)
(z, t′)
}
. (86)
The above expressions in Eq.(86) are valid for c 6= N + 1/2, one gets the corresponding
expressions for c = N + 1/2 after replacing cos2 cπ with 1 in the Eq.(85).
IV. THE FOUR AND FIVE DIMENSIONAL PERTURBATIVE EXPANSIONS
The KK excitations affect the theoretical predictions of electroweak scale although it is
very difficult to produce them directly in the colliders running now. When KK excitations
of gauge fields satisfying (++) BCs appear in the relevant Feynman diagrams as virtual
particles in four dimensional effective theory, the amplitudes possibly contain the factor
−i
[
χG
(++)
(yG(n)
(++)
, φ)
][
χG
(++)
(yG(n)
(++)
, φ′)
]
p2 − Λ2
KK
[
yG(n)
(++)
]2 (87)
when we expand them according υ2/Λ2
KK
, here υ denotes the nonzero vacuum expectation
value (VEV) of neutral Higgs located on IR brane. The denominator p2 − Λ2
KK
[
yG(n)
(++)
]2
originates from the four dimensional propagators of KK excitations for gauge fields in mo-
mentum space,
[
χG
(++)
(yG(n)
(++)
, φ)
]
and
[
χG
(++)
(yG(n)
(++)
, φ′)
]
originate from the neighbor vertices in
four dimensional effective theory. Note that ±yG(1)
(++)
, · · ·, ±yG(n)
(++)
, · · · are zeros of the function
RG,ǫ
(++)
(z), and the limit
lim
|z|→∞
∣∣∣∣∣
−iz
[
χG
(++)
(z, φ)
][
χG
(++)
(z, φ′)
]
p2 − Λ2
KK
z2
∣∣∣∣∣ = 0 (88)
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when we adopt the analytical extension of the combination of bulk profiles for (++) BCs
gauge fields in Eq.(80). Applying Eq.(75), we have
iDG
(++)
(p;φ, φ′) =
∞∑
n=1
−i
[
χG
(++)
(yG(n)
(++)
, φ)
][
χG
(++)
(yG(n)
(++)
, φ′)
]
p2 − Λ2
KK
[
yG(n)
(++)
]2
=
i
p2
{[
χG
(++)
(0, φ)
][
χG
(++)
(0, φ′)
]
−
[
χG
(++)
(
p
Λ
KK
, φ)
][
χG
(++)
(
p
Λ
KK
, φ′)
]}
− i
2Λ
KK
p
[
χG
(++)
( p
Λ
KK
, φ)
][
χG
(++)
( p
Λ
KK
, φ′)
]
RG,ǫ
(++)
( p
Λ
KK
)
∂RG,ǫ
(++)
∂z
(z)
∣∣∣∣
z= p
Λ
KK
= −
iΩG
(++)
(p/Λ
KK
)
πΛ2
KK
{
πtt′
2RG,ǫ
(++)
(p/Λ
KK
)
[
θ(t− t′)ΦG(+)
(uv)
(p/Λ
KK
, t′)ΦG(+)
(ir)
(p/Λ
KK
, t)
+θ(t′ − t)ΦG(+)
(uv)
(p/Λ
KK
, t)ΦG(+)
(ir)
(p/Λ
KK
, t′)
]}
+
i
4πp2
(89)
with
ΩG
(++)
(x) =
2RG,ǫ
(++)
(x) + x
[
ΦG(+)
(uv)
(x, 1)− ǫΦG(+)
(ir)
(x, ǫ)
]
x2
[
NG(+)
(uv)
(x)
][
NG(+)
(ir)
(x)
] . (90)
The factor in the parenthesis {· · ·} of the first term in Eq.(89) is the five dimensional mixed
position/momentum-space propagator derived in [59], the factor ΩG
(++)
/π originates from the
normalization constants of bulk profiles for gauge fields with (++) BCs in four dimensional
effective theory, the different definitions of couplings between the gauge and fermion fields
in five dimensional full theory and corresponding four dimensional effective theory, and the
difference between the normalization of kinetic terms of relevant fields in five dimensional
full theory and corresponding four dimensional effective theory, respectively. Additional,
DG
(++)
(p;φ, φ′) satisfies the following equation
{ 1
r2
∂
∂φ
[
e−2σ(φ)
∂
∂φ
]
+ p2
}
DG
(++)
(p;φ, φ′) = −
iΩG
(++)
(p/Λ
KK
)
πΛ2
KK
r
δ(φ− φ′) (91)
and the corresponding BCs
∂DG
(++)
∂φ
(uv)
(p;φ, φ′)
∣∣∣∣
φ
(uv)
=0
= 0 ,
∂DG
(++)
∂φ
(ir)
(p;φ, φ′)
∣∣∣∣
φ
(ir)
=π/2
= 0 . (92)
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For small z,
RG,ǫ
(++)
(z) = −2 ln ǫ
π
{
1− z
2
4
[
1 + ǫ2 +
1− ǫ2
ln ǫ
]
+O(z4)
}
,
∂RG,ǫ
(++)
∂z
(z) =
z
π
[
1− ǫ2 + (1 + ǫ2) ln ǫ
]{
1− z
2
16
2(1 + 4ǫ2 + ǫ4) ln ǫ+ 3(1− ǫ4)
1− ǫ2 + (1 + ǫ2) ln ǫ +O(z
4)
}
,
tΦG(+)
(uv)
(z, t)[
NG(+)
(uv)
(z)
] = 1√
2π
{
1 +
z2
4
[
t2(1− 2 ln t+ 2 ln ǫ) + 1 + 1− ǫ
2
ln ǫ
]
+
z4
16
[
− 5
4
t4 + ǫ2t2 + (t4 + 2ǫ2t2)(ln t− ln ǫ)
+
(1− ǫ2
ln ǫ
+ 1 + ǫ2
)(
t2 − 2t2 ln t + 2t2 ln ǫ
)
+2 +
ln ǫ
2
+
47− 32ǫ2 − 15ǫ4
16 ln ǫ
+
3(1− ǫ2)2
2 ln2 ǫ
]
+O(z6)
}
,
tΦG(+)
(ir)
(z, t)[
NG(+)
(ir)
(z)
] = 1√
2π
{
1 +
z2
4
[
t2(1− 2 ln t) + ǫ2 + 1− ǫ
2
ln ǫ
]
+
z4
16
[
− 5
4
t4 + t2 + (t4 + 2t2) ln t +
(1− ǫ2
ln ǫ
+ 1 + ǫ2
)(
t2 − 2t2 ln t
)
+2ǫ4 − ǫ
4 ln ǫ
2
+
15 + 32ǫ2 − 47ǫ4
16 ln ǫ
+
3(1− ǫ2)2
2 ln2 ǫ
]
+O(z6)
}
. (93)
Inserting the above equations into Eq.(89) and assuming p→ 0, one obtains obviously
∞∑
n=1
[
χG
(++)
(yG(n)
(++)
, φ)
][
χG
(++)
(yG(n)
(++)
, φ′)
]
Λ2
KK
[
yG(n)
(++)
]2
=
1
8πΛ2
KK
{
t2(2 ln t− 1) + t′2(2 ln t′ − 1)
−2 ln ǫ
[
t2θ(t′ − t) + t′2θ(t− t′)
]
− 1− ǫ
2
ln ǫ
}
, (94)
which is Eq.(34) exactly in Ref.[18]. Actually, this result can also be gotten directly by the
residue theorem. Applying Eq.(75) and Eq.(93), we have
∞∑
n=1
[
χG
(++)
(yG(n)
(++)
, φ)
][
χG
(++)
(yG(n)
(++)
, φ′)
]
Λ2
KK
[
yG(n)
(++)
]2
= −1
2
Res
{[ 2
z3
+
1
z2RG,ǫ
(++)
(z)
∂RG,ǫ
(++)
∂z
(z)
][
χG
(++)
(z, φ)
][
χG
(++)
(z, φ′)
]
, z = 0
}
=
1
8πΛ2
KK
{
t2(2 ln t− 1) + t′2(2 ln t′ − 1)
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−2 ln ǫ
[
t2θ(t′ − t) + t′2θ(t− t′)
]
− 1− ǫ
2
ln ǫ
}
,
∞∑
n=1
[
χG
(++)
(yG(n)
(++)
, φ)
][
χG
(++)
(yG(n)
(++)
, φ′)
]
Λ4
KK
[
yG(n)
(++)
]4
= −1
2
Res
{[ 2
z5
+
1
z4RG,ǫ
(++)
(z)
∂RG,ǫ
(++)
∂z
(z)
][
χG
(++)
(z, φ)
][
χG
(++)
(z, φ′)
]
, z = 0
}
= − 1
32πΛ4
KK
{
t4
[
ln t− 5
4
]
+ t2
[
2 +
1− ǫ2
ln ǫ
− 2(1− ǫ
2)
ln ǫ
ln t
]
+t′4
[
ln t′ − 5
4
]
+ t′2
[
2 +
1− ǫ2
ln ǫ
− 2(1− ǫ
2)
ln ǫ
ln t′
]
+4t2t′2
[
ln t ln t′ − (ln ǫ+ 1
2
) ln(tt′) +
1
4
+
1
2
ln ǫ
]
− ln ǫ
[(
t4 − 4t2t′2 ln t
)
θ(t′ − t) +
(
t′4 − 4t2t′2 ln t′
)
θ(t− t′)
]
+
5(1− ǫ4)
8 ln ǫ
+
(1− ǫ2)2
ln2 ǫ
}
, (95)
where the second equation is the Eq.(36) exactly in Ref.[18].
When the exciting KK modes of the left-handed fields with (++) BCs appear in relevant
Feynman diagrams as virtual particles in four dimensional effective theory, the amplitudes
certainly contain the factor
i
{
/p
[
fL,c
(++)
(yc(n)
(±±)
, φ)
][
fL,c
(++)
(yc(n)
(±±)
, φ′)
]
+ Λ
KK
[
yc(n)
(±±)
][
fR,c
(−−)
(yc(n)
(±±)
, φ)
][
fL,c
(++)
(yc(n)
(±±)
, φ′)
]}
p2 − Λ2
KK
[
yc(n)
(±±)
]2 (96)
when we expand them according υ2/Λ2
KK
. The limit
lim
|z|→∞
∣∣∣∣∣
iz/p
[
fL,c
(++)
(z, φ)
][
fL,c
(++)
(z, φ′)
]
p2 − Λ2
KK
z2
∣∣∣∣∣ = 0 (97)
and the function
∣∣∣∣∣
z2Λ
KK
[
fR,c
(−−)
(z, φ)
][
fL,c
(++)
(z, φ′)
]
p2 − Λ2
KK
z2
∣∣∣∣∣ (98)
is uniformly bounded. Since ±yc(1)
(±±)
, · · ·, ±yc(n)
(±±)
, · · · are the zeros of the function Rc,ǫ
(±±)
(z),
we have the following equation using Eq.(75):
iDc
L(++)
(p;φ, φ′)
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=
∞∑
n=1
i
p2 − Λ2
KK
[
yc(n)
(±±)
]2
{
/p
[
fL,c
(++)
(yc(n)
(±±)
, φ)
][
fL,c
(++)
(yc(n)
(±±)
, φ′)
]
+Λ
KK
[
yc(n)
(±±)
][
fR,c
(−−)
(yc(n)
(±±)
, φ)
][
fL,c
(++)
(yc(n)
(±±)
, φ′)
]}
=
∞∑
n=1
i/p
[
fL,c
(++)
(yc(n)
(±±)
, φ)
][
fL,c
(++)
(yc(n)
(±±)
, φ′)
]
p2 − Λ2
KK
[
yc(n)
(±±)
]2
=
i/p
p2
{[
fL,c
(++)
(0, φ)
][
fL,c
(++)
(0, φ′)
]
−
[
fL,c
(++)
(
p
Λ
KK
, φ)
][
fL,c
(++)
(
p
Λ
KK
, φ′)
]}
− i/p
2Λ
KK
p
[
fL,c
(++)
( p
Λ
KK
, φ)
][
fL,c
(++)
( p
Λ
KK
, φ′)
]
Rc,ǫ
(±±)
( p
Λ
KK
)
∂Rc,ǫ
(±±)
∂z
(z)
∣∣∣∣
z= p
Λ
KK
= −
i/pΩL,c
(++)
(p/Λ
KK
)
πΛ2
KK
{
πtt′
2Rc,ǫ
(±±)
(p/Λ
KK
)
[
θ(t− t′)ϕc(+)
L(uv)
(p/Λ
KK
, t′)ϕc(+)
L(ir)
(p/Λ
KK
, t)
+θ(t′ − t)ϕc(+)
L(uv)
(p/Λ
KK
, t)ϕc(+)
L(ir)
(p/Λ
KK
, t′)
]}
+
i/p
p2
[−2(1− 2c)ǫ ln ǫ
π(1− ǫ1−2c)
]
(tt′)−c
4
(99)
with
ΩL,c
(++)
(x) =
2RG,ǫ
(++)
(x) + x
[
ϕc(+)
L(uv)
(x, 1)− ǫϕc(+)
L(ir)
(x, ǫ)
]
x2
[
N c(+)
L(uv)
(x)
][
N c(+)
L(ir)
(x)
] . (100)
Similarly, we also get the summing over the infinite series of exciting KK modes for right-
handed fermion as
iDc
R(++)
(p;φ, φ′)
=
∞∑
n=1
i
p2 − Λ2
KK
[
yc(n)
(∓∓)
]2
{
/p
[
fR,c
(++)
(yc(n)
(∓∓)
, φ)
][
fR,c
(++)
(yc(n)
(∓∓)
, φ′)
]
+Λ
KK
[
yc(n)
(∓∓)
][
fL,c
(−−)
(yc(n)
(∓∓)
, φ)
][
fR,c
(++)
(yc(n)
(∓∓)
, φ′)
]}
=
∞∑
n=1
i/p
[
fR,c
(++)
(yc(n)
(∓∓)
, φ)
][
fR,c
(++)
(yc(n)
(∓∓)
, φ′)
]
p2 − Λ2
KK
[
yc(n)
(∓∓)
]2
=
i/p
p2
{[
fR,c
(++)
(0, φ)
][
fR,c
(++)
(0, φ′)
]
−
[
fR,c
(++)
(
p
Λ
KK
, φ)
][
fR,c
(++)
(
p
Λ
KK
, φ′)
]}
− i/p
2Λ
KK
p
[
fR,c
(++)
( p
Λ
KK
, φ)
][
fR,c
(++)
( p
Λ
KK
, φ′)
]
Rc,ǫ
(∓∓)
( p
Λ
KK
)
∂Rc,ǫ
(∓∓)
∂z
(z)
∣∣∣∣
z= p
Λ
KK
= −
i/pΩR,c
(++)
(p/Λ
KK
)
πΛ2
KK
{
πtt′
2Rc,ǫ
(∓∓)
(p/Λ
KK
)
[
θ(t− t′)ϕc(+)
R(uv)
(p/Λ
KK
, t′)ϕc(+)
R(ir)
(p/Λ
KK
, t)
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+θ(t′ − t)ϕc(+)
R(uv)
(p/Λ
KK
, t)ϕc(+)
R(ir)
(p/Λ
KK
, t′)
]}
+
i/p
p2
[−2(1 + 2c)ǫ ln ǫ
π(1− ǫ1+2c)
]
(tt′)c
4
(101)
with
ΩR,c
(++)
(x) =
2Rc,ǫ
(∓∓)
(x) + x
[
ϕc(+)
R(uv)
(x, 1)− ǫϕc(+)
R(ir)
(x, ǫ)
]
x2
[
N c(+)
R(uv)
(x)
][
N c(+)
R(ir)
(x)
] . (102)
For small z,
Rc,ǫ
(±±)
(z) =
2ǫc−
1
2 (1− ǫ1−2c)
(1− 2c)Γ(1
2
− c)Γ(1
2
+ c)
{
1− z
2
2(1− ǫ1−2c)
[1− ǫ3−2c
3− 2c +
ǫ2 − ǫ1−2c
1 + 2c
]
+O(z4)
}
,
∂Rc,ǫ
(±±)
∂z
(z) = − 2zǫ
c− 1
2
(1− 2c)Γ(1
2
− c)Γ(1
2
+ c)
{[1− ǫ3−2c
3− 2c +
ǫ2 − ǫ1−2c
1 + 2c
]
−z
2
2
[ 1− ǫ5−2c
(5− 2c)(3− 2c) +
2(ǫ2 − ǫ3−2c)
(3− 2c)(1 + 2c) +
(ǫ4 − ǫ1−2c)
(1 + 2c)(3 + 2c)
]
+O(z4)
}
,
√
tϕc(+)
L(uv)
(z, t)[
N c(+)
L(uv)
(z)
] = t
−c
2
√√√√−2(1− 2c)ǫ ln ǫ
π(1− ǫ1−2c)
{
1− z
2
2
[ ǫ2
1 + 2c
+
t2
1− 2c −
2ǫ1−2ct1+2c
(1− 2c)(1 + 2c)
−(1 + 2c)(1− ǫ
3−2c) + (3− 2c)(ǫ2 − ǫ1−2c)
(3− 2c)(1 + 2c)(1− ǫ1−2c)
]
+O(z4)
}
,
√
tϕc(+)
L(ir)
(z, t)[
N c(+)
L(ir)
(z)
] = t
−c
2
√√√√−2(1− 2c)ǫ ln ǫ
π(1− ǫ1−2c)
{
1− z
2
2
[ 1
1 + 2c
+
t2
1− 2c −
2t1+2c
(1− 2c)(1 + 2c)
−(1 + 2c)(1− ǫ
3−2c) + (3− 2c)(ǫ2 − ǫ1−2c)
(3− 2c)(1 + 2c)(1− ǫ1−2c)
]
+O(z4)
}
. (103)
Using Eq.(103), we have
∞∑
n=1
[
fL,c
(++)
(yc(n)
(±±)
, φ)
][
fL,c
(++)
(yc(n)
(±±)
, φ′)
]
Λ2
KK
[
yc(n)
(±±)
]2
= − 1
2Λ2
KK
Res
{[ 2
z3
+
1
z2Rc,ǫ
(±±)
(z)
∂Rc,ǫ
(±±)
∂z
(z)
][
fL
(++)
(z, φ)
][
fL
(++)
(z, φ′)
]
, z = 0
}
= −(1− 2c)ǫ ln ǫ
(1− ǫ1−2c)
(tt′)−c
4πΛ2
KK
{ 2(1− 2c)(1− ǫ3−2c)
(3− 2c)(1 + 2c)(1− ǫ1−2c) +
t2 + t′2
1− 2c
− 2
(1− 2c)(1 + 2c)
[
θ(t′ − t)
(
t′1+2c + ǫ1−2ct1+2c
)
+θ(t− t′)
(
t1+2c + ǫ1−2ct′1+2c
)]}
,
∞∑
n=1
[
fR,c
(++)
(yc(n)
(∓∓)
, φ)
][
fR,c
(++)
(yc(n)
(∓∓)
, φ′)
]
Λ2
KK
[
yc(n)
(∓∓)
]2
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= − 1
2Λ2
KK
Res
{[ 2
z3
+
1
z2Rc,ǫ
(∓∓)
(z)
∂Rc,ǫ
(∓∓)
∂z
(z)
][
fR
(++)
(z, φ)
][
fR
(++)
(z, φ′)
]
, z = 0
}
= −(1 + 2c)ǫ ln ǫ
(1− ǫ1+2c)
(tt′)c
4πΛ2
KK
{ 2(1 + 2c)(1− ǫ3+2c)
(3 + 2c)(1− 2c)(1− ǫ1+2c) +
t2 + t′2
1 + 2c
− 2
(1− 2c)(1 + 2c)
[
θ(t′ − t)
(
t′1−2c + ǫ1+2ct1−2c
)
+θ(t− t′)
(
t1−2c + ǫ1+2ct′1−2c
)]}
. (104)
V. SUMMING OVER INFINITE SERIES OF KK MODES IN UNIFIED EXTRA
DIMENSION
In this section, we depart from the main line above and discuss how to sum over the infi-
nite series of KK modes in unified extra dimension. In these models all fields can propagate in
all available dimension, the SM particles correspond to zero modes in the KK decomposition
of five dimensional fields with (++) BCs. The towers of the SM particle KK partners and
additional towers of KK modes of five dimensional fields with (−−) BCs do not correspond
to any field in the SM[62, 63]. The simplest model of this type is proposed by Appelquist,
Cheng and Dobrescu[64] in which the only additional free parameter relating to the SM is
the compactification scale 1/r.
Assuming that the topology of the fifth dimension is the orbifold S1/Z2 and the coordinate
y ≡ x5 runs from 0 to 2πr, one can write the KK expansions of five dimensional fields
respectively as[65]:
ψ+(x, y) =
1√
2πr
ψ
R(0)
(x) +
1√
πr
∞∑
n=1
{
ψ
R(n)
(x) cos
ny
r
+ ψ
L(n)
(x) sin
ny
r
}
,
ψ−(x, y) =
1√
2πr
ψ
L(0)
(x) +
1√
πr
∞∑
n=1
{
ψ
L(n)
(x) cos
ny
r
+ ψ
R(n)
(x) sin
ny
r
}
,
Aµ(x, y) =
1√
2πr
Aµ
(0)
(x) +
1√
πr
∞∑
n=1
Aµ
(n)
(x) cos
ny
r
,
A5(x, y) =
1√
πr
∞∑
n=1
A5
(n)
(x) sin
ny
r
,
φ+(x, y) =
1√
2πr
φ
(0)
(x) +
1√
πr
∞∑
n=1
φ+
(n)
(x) cos
ny
r
,
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φ−(x, y) =
1√
πr
∞∑
n=1
φ−
(n)
(x) sin
ny
r
. (105)
Here, the Dirac spinors ψ± = (PR + PL)ψ± = ψ
±
L + ψ
±
R satisfy the following BCs


∂yψ
+
R
∣∣∣
y={0,πr} = 0,
ψ+L
∣∣∣
y={0,πr} = 0,
or


∂yψ
−
L
∣∣∣
y={0,πr} = 0,
ψ−R
∣∣∣
y={0,πr} = 0,
(106)
with the chirality projectors PR/L = (1± γ5)/2. Additional, the vector fields satisfy the BCs


∂yA
µ
∣∣∣
y={0,πr} = 0,
A5
∣∣∣
y={0,πr} = 0,
(107)
and the scalar fields φ± satisfy the BCs


∂yφ
+
∣∣∣
y={0,πr} = 0,
φ−
∣∣∣
y={0,πr} = 0.
(108)
In unified extra dimension, the couplings involving KK excitations do not depend on the
bulk profiles since the integral over the 5th coordinate y can be integrated out explicitly.
Correspondingly, the summing over KK excitations is simplified drastically because it is
unnecessary to extend the square of bulk profile to the complex plane when we apply the
residue theorem. Actually, the authors of Ref.[65] have applied the relation
∞∑
n=1
b
n2 + c
=
b(
√
cπ coth(
√
cπ)− 1)
2c
(109)
to perform the summing over KK excitations in some lower energy processes. In unified
extra dimension, the KK mass n/r is the zero of order one of the function sin(πrz), and
residue of the function G(z) = πr cos(πrz)/ sin(πrz) at z = n/r is uniform one. Obviously,
the function
f(z) =
B
z2 + C
(110)
is uniformly bounded because
lim
|z|→∞
∣∣∣zf(z)∣∣∣ = 0. (111)
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Here,
B =
b
r2
, C =
c
r2
. (112)
Using the residue theorem, one obtains obviously
∞∑
n=1
b
n2 + c
=
∞∑
n=1
B
(n
r
)2 + C
= −1
2
Res
{πr cos(πrz)
sin πrz
B
z2 + C
, z = 0
}
− 1
2
Res
{πr cos(πrz)
sin πrz
B
z2 + C
, z = i
√
C
}
−1
2
Res
{πr cos(πrz)
sin πrz
B
z2 + C
, z = −i
√
C
}
= − B
2C
− Bπr cos(i
√
Cπr)
2
√
C sin(i
√
Cπr)
=
b(
√
cπ coth(
√
cπ)− 1)
2c
, (113)
which is the equation presented in Eq.(109). Furthermore, the residue theorem can be applied
to sum over the infinite series of KK excitations in more complicate forms.
VI. THE CORRECTIONS TO B → Xsγ FROM NEUTRAL HIGGS IN WARPED
EXTRA DIMENSION
Within the framework of warped extra dimension, the neutral Higgs located on IR
brane induces the mixing between states of the same electric charge, a consequence of the
mixing is that the FCNC transitions are also mediated by neutral Higgs, the KK excitations
of gluon and photon, and the KK excitations of neutral electroweak gauge bosons besides the
charged electroweak gauge bosons W± together with their KK partners. In this section, we
demonstrate that the radiative correction to the rare decay b → s + γ from neutral Higgs
contains the suppression factor m3bms/m
4
w
comparing with the corrections from other sector.
The effective Hamilton for B → Xsγ at scales µ = O(mb) is given by[58]:
Heff(b→ sγ) = −GF√
2
[ 6∑
i=1
Ci(µ)Qi(µ) + C7γ(µ)Q7γ(µ) + C8G(µ)Q8G(µ)
+CN7γ(µ)QN7γ(µ) + CN8G(µ)QN8G(µ)
]
, (114)
with GF denoting the Fermi constant. The magnetic penguin operators are
Q7γ = e
8π2
mbsασ
µν(1 + γ5)bαFµν ,
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Q8G = gs
8π2
mbsαT
a
αβσ
µν(1 + γ5)bβG
a
µν ,
QN7γ =
e
8π2
mbsασ
µν(1− γ5)bαFµν ,
QN8G =
gs
8π2
mbsαT
a
αβσ
µν(1− γ5)bβGaµν , (115)
and concrete expressions of other dimension six operators can be found in Ref.[58]. Here
α, β = 1, 2, 3 denote the color indices of quarks, Fµν and G
a
µν (a = 1, · · · , 8) are
the electromagnetic and strong field strength tensors, respectively. The magnetic penguin
operators Q7γ , Q8G, QN7γ , QN8G in the effective Hamilton are induced by the virtual heavy
freedoms through the one loop diagrams. As the internal virtual particles are neutral Higgs
and electric charge −1/3 quarks, the corresponding corrections to relevant Wilson coefficients
can be written as
C7γ(µEW) =
4s2
w
Qf
e2
{ 3∑
i=1
(
ξ(0)
)
s,di
(
ξ(0)
)†
di,b
F1(xh , xdi)
+
3∑
di=1
mdi
mb
(
ξ(0)
)†
s,di
(
ξ(0)
)†
di,b
F2(xh , xdi)
+
3∑
i=1
∞∑
n=1
(
ζ(n)
)†
s,Di
(
ζ(n)
)
Di,b
F1(xh , xDi)
+
3∑
di=1
∞∑
n=1
mDi
mb
(
ζ(n)
)
s,Di
(
ζ(n)
)
Di,b
F2(xh , xDi)
}
,
C8G(µEW) =
1
Q
f
C7γ(µEW) ,
CN7γ(µEW) =
4s2
w
Qf
e2
{ 3∑
i=1
(
ξ(0)
)†
s,di
(
ξ(0)
)
di,b
F1(xh , xdi)
+
3∑
di=1
mdi
mb
(
ξ(0)
)
s,di
(
ξ(0)
)
di,b
F2(xh , xdi)
+
3∑
i=1
∞∑
n=1
(
ξ(n)
)†
s,Di
(
ξ(n)
)
Di,b
F1(xh , xDi)
+
3∑
di=1
∞∑
n=1
mDi
mb
(
ξ(n)
)
s,Di
(
ξ(n)
)
Di,b
F2(xh , xDi)
+
3∑
i=1
∞∑
n=1
(
η(n)
)†
s,Di
(
η(n)
)
Di,b
F1(xh , xDi)
+
3∑
di=1
∞∑
n=1
mDi
mb
(
η(n)
)
s,Di
(
η(n)
)
Di,b
F2(xh , xDi)
}
,
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CN8G(µEW) =
1
Q
f
CN7γ(µEW) , (116)
with Q
f
= −1/3, xdi = m2di/m2w , xh = m2h/m2w . The abbreviation sw = sin θW where θW is
the Weinberg angle, and the functions F1,2(x, y) are defined as
F1(x, y) =
{ 1
24
∂3̺
3,1
∂x3
− 1
4
∂2̺
2,1
∂x2
+
1
4
∂̺
1,1
∂x
}
(x, y) ,
F2(x, y) =
{1
4
∂2̺
2,1
∂x2
− 1
2
∂̺
1,1
∂x
+
1
2
∂̺
1,1
∂y
}
(x, y) , (117)
with
̺m,n(x, y) =
xm lnn x− ym lnn y
x− y . (118)
The couplings ξ(0) depend on the bulk profiles of zero modes for charge −1/3 quarks, and
the mixing between zero modes of charge −1/3 quarks and corresponding KK partners. To
obtain approximately the mixing between the zero modes of charge −1/3 quarks and exciting
KK modes, we write the infinite dimensional column vectors for down type quarks in the
chirality basis as[57]
ΨL(−1/3) =
(
qi(0)
dL
(++), · · · , qi(n)
dL
(++), D
i(n)
L (+−), di(n)L (−−), · · ·
)T
,
ΨR(−1/3) =
(
d
i(0)
R (++), · · · , qi(n)dR (−−), D
i(n)
R (−+), di(n)R (++), · · ·
)T
. (119)
Here, i = 1, 2, 3 is the index of generation, n = 1, 2, · · · , ∞ is the index of KK modes, the
signs in parentheses denote the BCs satisfied by corresponding fields on UV and IR branes
respectively. We then formally diagonalize the −1/3 charge mass matrix and write the mass
eigenvector as
Ψ
(m)
L (−1/3) = D†LΨL(−1/3) ,
Ψ
(m)
R (−1/3) = D†RΨR(−1/3) . (120)
Using above equations, one writes the couplings as
(
ξ(0)
)
d,b
=
3∑
α,β=1
[
f
R,cα
T
(++) (0,
π
2
)fL,c
β
B
(++)
(0,
π
2
)
](
DR
)†
d,α
(
λd
)†
αβ
(
DL
)
β,b
,
(
ξ(n)
)
Di,b
=
3∑
α,β=1
[
fL,c
β
B
(++)
(0,
π
2
)
](
DR
)†
Di,9n+α
[
f
R,cα
T
(++) (y
cα
T
(n)
(∓∓) ,
π
2
)
](
λd
)†
αβ
(
DL
)
β,b
,
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(
η(n)
)
Di,b
=
3∑
α,β=1
[
fL,c
β
B
(++)
(0,
π
2
)
](
DR
)†
Di,9n−3+α
[
f
R,cα
T
(−+) (y
cα
T
(n)
(±∓) ,
π
2
)
](
λd
)†
αβ
(
DL
)
β,b
,
(
ζ(n)
)
Di,b
=
3∑
α,β=1
[
fR,c
β
T
(++)
(0,
π
2
)
](
DL
)†
Di,9n−6+α
[
f
L,cα
B
(++) (y
cα
B
(n)
(±±) ,
π
2
)
](
λd
)†
αβ
(
DR
)
β,b
. (121)
For the infinite dimensional column vectors, we have no means of obtaining the mixing
matrices DL,R exactly. Adopting the effective Lagrangian approach[48, 66], we expand the
left- and right-handed mixing matrices according υ2/Λ2
KK
and then approximate the Wilson
coefficients C7γ in Eq.(116) as
C7γ(µEW) =
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Here, D(0)L,R are the rotations of zero modes of charge −1/3 quarks from chirality eigenvectors
to mass eigenvectors in the absence of the mixing between zero modes and exciting KK modes
of quarks. The nonnegative functions are defined as
Θ1(c) =
(1− 2c)(1− ǫ3−2c)
(3− 2c)(1 + 2c)(1− ǫ1−2c) +
1
1− 2c −
1 + ǫ1−2c
(1− 2c)(1 + 2c)
Θ2(c) =
1− ǫ3+2c
2(3 + 2c)(1− ǫ1+2c) +
ǫ2 − ǫ1+2c
2(1− 2c)(1− ǫ1+2c)
+
1
2(1 + 2c)
+
ǫ2
2(1− 2c) −
ǫ1+2c
(1− 2c)(1 + 2c) . (123)
Analogously, we find that the corrections from neutral Higgs to the Wilson coefficients
C8G(µEW), C
N
7γ(µEW) and C
N
8G(µEW) all contain the suppression factor m
3
bms/m
4
w
comparing
with the corrections from other sectors. The detailed analysis on the radiative corrections to
b→ sγ, (g − 2)µ etc. are presented elsewhere[67].
VII. SUMMARY
In this work, we verify that the eigenvalues of KK excitations in warped extra dimen-
sion are real, and are symmetrically distributed contrasting to the origin in complex plane.
40
We also present the sufficient condition to judge if the infinite series of KK excitations is
convergent. Applying the residue theorem, we sum over the infinitely series of KK modes,
and analyze the possible relation between summation of the product of KK mode propagator
with the corresponding bulk profiles in four dimensional effective theory and the propagator
of field in five dimensional full theory. Additional, we also sum over the infinitely series of
KK modes for the gauge boson satisfying the (++) BCs, and recover the results in litera-
ture which are obtained through the equation of motion and completeness relation of all KK
modes. We extend this method to sum over the KK modes in unified extra dimension, and
obtain the equation applied extensively in literature. As an example, we demonstrate that the
radiative correction from the penguin diagram composed by neutral Higgs and charge −1/3
quarks contains the suppression factor m3bms/m
4
w
comparing with the corrections from other
sectors.
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